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ABSTRACT

Tumor needs angiogenesis for its growth naturally. One of the best ways for controlling tumor growth is
prevention of tumor angiogenesis. In optimum position, we can formulate this act as an optimal control problem. In this
paper, in the course of description of model, we find optimum remedy by using Embedding method for the first time.
Numerical results show the effect of this method for tumor remedy.
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INTRODUCTION

Different from normal cells, cancer cells are
genetically highly unstable and thus quite diversified in
their structure. Some cancer cells are simply not affected
by current drug (intrinsic drug resistance); other cancer
cells easily generate resistant mutations (acquired drug
resistance). As a results, even if chemotherapy shows
success initially, only all too often cancer comes back in a
resistant form. Hence there is strong interest in substituting
treatments that would not make drug resistance. Anti-
angiogenesis, a treatment approach is a mechanism that
offers such a hope for the treatment of tumor cancers. A
tumor, after it grows to just a few millimeters in diameter
needs to develop its own system of capillaries. In facing
this tumor reaction, angiogenesis inhibitors target those
cells that prevent the tumor from developing its own blood
vessel system and thus blocking its growth. Tumors
deprived of necessary nutrition and as a result, descend its
volume. Since the treatment target normal cells, no
occurrence of drug resistance has been established [9-11].

In this paper, the researcher introduced the
mathematical model of tumor growth that is no-linear
model. After that, it transformed to linear model by using
the measure theory. This method has many advantages that
describe in the next sections. Numerical result shows the
efficiency of this work.

MATHEMATICAL MODEL FOR DYNAMIC
SYSTEM OF ANTI-ANGIOGENIC
MONOTHERAPY

Studding show that tumor angiogenesis and its
inhibitors have described by partial deferential equations.
One of the earliest mathematical models was formulated
by Hahnfeldt et al. in [1]. In this model, the volume of
primary tumor cells and the volume of the vascular
endothelial cells are distinguished and their interactive
growth is modeled in the dynamics. An analysis of
dynamic properties of this model and some extents has
been given by d’Onofrio and Gondolfi in [2]. The model
in [2] also was modified and mathematically simplified by
Ergun et al. They could express tumor angiogenesis and
its treatment as an optimal control problem. After them,
Ledzewicz and Schattler studied on Ergun et al.’s model

and a complete solution of the problem was given by them
in [3-5]. In this paper, in the course of examination and
description control model of Ergun et al., we took action
to solve it by using a new and simple method that has
different advantages in compare with other methods [6].

Let p and e denoted the volume of primary tumor
cells and the volume of the vascular endothelial cells,
respectively. We assumed that tumor growth is
Gompertzian and hence, the following equation is the rate
of the changes in the volume of primary tumor cells:

¢ = -zpin (&),

where ¢ denoting as the tumor growth parameter.
Moreover the rate of the changes in the volume of vascular
endothelial cells is taken in the form of:

g mhgi=- T.W% = g,

where & (birth) and @ (death) are endothelial stimulation
and inhibition parameters, respectively; Also the variable

U represents the control function of the system and
corresponds to the angiogenic dose rate; the constant G
represents the anti-angiogenic killing parameter. In this
manner Ergun et al. considered the following optimal
control problem:

Tl i

Stm gm -§gln.¢;%]f (1)

¢mbg -d.a*-ﬂue;

over the set of all Lebesgue measureable functions
ut[%: T] = [9:8] which more than the constraints (1), are

f‘u':;tﬁd.tﬂ&. W

satisfied in a constraint of the form: [
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set f ¥ -EE for simpler mathematical

analysis. Hence we consider the following equivalent
optimal control problem:

M g(F)

Sita gm -§gln€}%} @)

AmE=-gxt = Gux,
¥y =u.

Linear form of model

Embedding method is an efficient method that had
used for solving optimal control problem in two recent
decades and based on measure theory. Some advantages of
this method are guarantee of exist solution, convert
complicated and no-linear relations into simple and linear
form and determine optimal control as piece wise constant
function. At first, we need to introduce some functions and
sets for present solution of control tumor angiogenesis and
its treatment.

a) A real closed intervalf ™ [%: 7], with? =T . The
interior of this interval will be denote byl #
JU m (0.7} This is the time interval in which the

controlled system will evolve.
b) An absolutely continuous function of

trajectorydtf =+ & | where A(E) = (D a (D 20D
and #I is a bounded closed and path wise-connected
setin R* o7 w [5a, Ba] X [aes Be] % Daa 521, such
that the trajectory of the controlled system is
constrained to stay in set 1 for 8@ . Initial and

final states of trajectory aredio ¥ &l i s |
respectively.

¢) Control function#lf =#& | is a lebesgue measurable

function where® m [{a] .
d) Behavior of tumor angiogenesis and its growth
expressed as differential equations

S0 w gl w0 500 200 v}, where 8

function on £ m [ X &1 B & guch that:

is a

5(er@50.020) = (-gpin(E) ge - - aed) @
e) Target function of our problem

T
isfn. ™ m - ?—.L Pmﬁ.

Definition: We shall say that a trajectory-control

pair = (X6} is admissible if the following
conditions hold:

= The trajectory function A6 D satisfies Grad.caf |
and is absolutely condition on J .

= The control function ) takes its values in the set

' and is Lebesgue measureable on /-
=  The boundary conditions are satisfied.

= The pair P satisfies the differential

A m gl 2@ a @) rEul®d) o o

equation

The set of all admissible pairs is shown by W.
We try to overcome the difficulties that we confront them
in this problem and similar problems. For example:

a) The set W may be empty.

b) Even if the set W is nonempty, The infimum of I(p)
over W may not be achieved at element of W; that is
there may not be a minimizing pair for I(p) in W.

¢) Even if the set W is nonempty, and a minimizing pair
for I (p) does exist in W, it may be difficult to
characterize it; Necessary conditions are not always
helpful because the information they give may be
impossible to interpret.

d) The minimizing (or optimal) pair may be very difficult
or impossible to estimate numerically; there are no
comprehensive computational methods for this

purpose.

By regarding to above notices and type of the
problem, transforming the problem into another
appropriate space can guideline us to conquest these
problems. It is the next aim.

Let EERY e o open ball containinglﬁi’% ; we
denote by E{H_] the space of real-valued continuously
functions on B such that they and their derivatives are
bounded onB . Let® @ E‘W], and define:

tlpnnu)=obnnllnnnd+ alinny) @

For allfbR®X WAL . note that both

@t B &Y and B RB ¥4 are n-vector, and that the
first term in the right-hand side of (6) in their inner
product. It is simple to show that

j;au*":n P adie m GU) = GIm o )

Also, Let W”? be the space of infinitely differentiable
real-value functions with compact support in |

Letw 2 2(J® }, and define:
Bl g ) = BEE 4 g5 Cope s i G EGrapu)eld (@

Denote & &,

vector X and function g, respectively. We have:

as the component of the

L‘ﬁ:'ﬁ:ﬁmmﬂdﬁ =0 (@)
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Since the trajectory and control functions in an
admissible pair satisfy (3) a. e. on I", and since the
function w has compact support in
" Gltls)m g(tpy)m O

For some applications, consider a subspace
of €GE) | to be denote byﬂiﬁm, of the functions in this

space whish depend only on the variable t. letf @ Ca€i}
we have:

Lﬁ&'_lr# - 10

where 27 is the integrant of &) on I . Now we can
rewrite the problem (4) by using of above definition and
relations as the following form:

1 I
Mm E_'}; pCrldt

St '[;:pé‘ﬁt,pf.w,eﬂﬁt = S sad@)

.&ﬁt& Fe e X wWhtw g, 'ﬁ: L: | ﬁ?‘(f“',‘l £11F

gfﬁhﬁ&m{m-w, Fac @)

Reformulation of model
The basis of embedding method is change of
solution space problem into measure space. So for every

admissible pair,? m (7 %% ) consider a linear, bounded
and positive function, M=+ such that:

A1 Fa cqﬂ-aﬂmp,xy,umt AR @2)

Now, consider the transformationP =+ {im | of an
admissible pair into a continuous, positive linear
functional.

Proposition-1: The transformation P — Mz of

the admissible pairs in W into the linear mappings e
defined above is an injection.

Proof: [7]
By using the injective mapping P — Ae and (4),

(5) and (6) we can represent the problem in the linear
positive functional space in the below form:

Man  AG)
o ad(E) (147
¥ aT¢N

Sita AT m de,
algy)m e

fad )

According to the Riesz Representation Theorem,

A(fTm g

for each linear positive functional like\e, there is a
positive Borel measure on Q such that:

s = [Fpmnsdis =y Fac@ )

Therefore the problem is transferable to the space
of measures by one-to-one mapping. To overcome over
probable difficulties that results from this mapping (like
emptiness of the solution space, determining the optimum
solution in set W and inexistent of a comprehensive
computational method for estimating the optimum
solution), we developed the solution space and consider
the set of all positive radon measures like p (not only the
measures resulted from Riesz Representation Theorem)
that satisfy conditions of following problem:

Mim 4ifo) aa Kt )

Sotar wip)m &g, s a @) (14
;) =0, ¥ a2?)

4Gl m ar, fa Gyt

where # "4 is the set of all positive radon measures on
Q.

Assume Q is the set of all positive radon
measures in MY that satisfies equations of system
(14).

By using of weak” topology accordin_g to
following theorem existence of optimum measure # for
(9) is proved.

Proposition-2:
a) The set of measures Q is compact in the topology
induced by the weak”® topology on RS ) §

b) The function = s} | mapping Q into the real line, is
continuous.

Proof: [7]

Proposition-3: If S is a compact subset of the
Hausdorff space X and the function Y: § — R, is lower
semi-continuous (Isc) in S, then:

W infle W) = el

c) There is an element &p 4 ¥ such thatFlea) % ¥(),
forall € 5 ; that is the infimum of Y is attained on S.

Proof: [7]

The problem (14) is one of the linear
programming; all the functions (objective function and
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constraints) are linear in the variable # ; furthermore, the
measure H is required to be positive.

Although problem (9) is a problem of linear
programming type (LP), It has infinite number of
constrains, while the dimension of solution space of
problem is infinite too.

For simplicity, it is desirable to obtain the
solution of this problem by solving a finite linear
programming problem (even in the approximated form).
This process is applicable in two approximated steps as
shown in the following:

We chose countable subsets of functions whose
linear combinations are dense in the appropriate spaces,
and then select a finite number of this. We consider the
first set of equalities in (14). Let the set
fo1. 7w 1.2 weBaF be such that the linear combinations
of the functions ®ier ) are uniformly dense (dense in the

topology of uniform convergence) in the space o,
For instance, this function can be taken to be monomials in
the components of three variables, BG4 &AL YE)Y and

variable t. Also we chose Mz functions from second set of
equalities in (14) in the following forms:

amiE =& =&
iy m :m(%, Py ml= m{#}. Jom L0 lg

For the third set of equalities, by dividing the
time interval to L subintervals, we introduced the
characteristic functions as the following form:

tﬁ_ltsr F-'l.-z.-m.-f

fﬁw-ﬁ

It must be noted that the problem from the
viewpoint of number of variables, is still with infinite
dimension.

Second step
By assumings ™ Mg + 8z +1 | according to

Rosenbloom Theorem [7], the optimum measure &~ has
the following form:

M

- Zﬁgﬂ'ﬁ:ﬂ

where GG} @ M* @) is the unitary atomic measure with
the singleton support &2 ™ (tws e W) @ R2F such that
§GE)T)m FE)Fad@)aall

By replacing #~ in the problem (14), the problem
changes into a nonlinear programming problem with
unknown coefficients ©k and Zk . If we can minimize the

problem with respect to coefficients @k then the problem
is changed into a linear programming problem. This

process is possible if we employ a discretization space
and choose the nodes which belong to a dense subset

offd . Finally by performing the above steps on problem

(14), we attained the following linear programming
problem:

Bt :'—.Z o p(]
il

oy
S.Ea En;¢?&;l=ﬁ¢;, e @),  i=12..0, (@5

i

M
l‘l

Eﬁﬁhﬁzﬂ-ﬂf v aD0Y. e LlZad
i

Zﬂ:ﬂ(ﬁ:l= m‘f" ﬂﬂC—LWf :='l|'2|'lllff
imidl

E}EU .F-'.fzfm;ﬁ‘

By using of the dense property of space, it can be

proved when M1 Mz | — o then solution of (10) will
tend to solution of main problem.

In [7] proved that the solution certainly exists, but
it is difficult to find it. We enforced admissible and
suitable approximation to reach the solution.

In fact, optimal control function is optimal
treatment for prevent tumor angiogenesis in [0, T].

NUMERICAL SIMULATION
By using the following data in [5, 8]:

g 0.5y m 10000, cig m O, Gg m 10000, g m O, Gy m 48

am 13T w10, Em Q00 om 8,82, d m Q000FE. ¢ m 0110

A m 43 70 m 12000, %0 m ¥IZ000 0 m 0

We established the linear programming problem,
as described above, and solved it by Maple 12 software.
Figure-1 shows optimum treatment (control). The final
tumor volume that achieved in [8] is 8124.4 while our
final tumor volume is 6238.72 in the same duration of
remedy.
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Figure 1

CONCLUSIONS

The main purpose of tumor angiogenesis
treatment is reducing the tumor volume to zero in an
unspecified time. Even if this problem modelled as an
optimal control problem and studied in many lecture areas,
no identified method has been presented for determining
the optimal time of treatment. In this paper, the researchers
studied the tumor treatment by angiogenesis inhibitors as a
time optimal control problem and introduced an applicable
solution method for determining the optimal treatment.
The method has many advantages such as the guarantee of
the existence solution, strong theoretical supports and
applicability by computer. The physician verdict
confirmed the researchers’ piecewise constant function of
optimal control which is illustrated in Figure-1.
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