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ABSTRACT

A simple mathematical model to describe the action of a saturable absorber in a laser cavity (LSA) was
developed. The approach considered here takes in a phenomenological way into account the essential physical processes
which makes it possible to determine the principal parameters in a LSA and their influences on the optical bistability. We
will study theoretically optical bistability in a trimodale laser containing a saturable absorber in the case that the active
medium and absorber show a homogeneous broadening. We determine the densities of photons as function of the pumping
of the active medium and analyze the linear stability of the solutions obtained.
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1. INTRODUCTION The majority of optical flip-flops developed until

Optical bistability experienced high interest these
last years. Optical bistability belongs to the most important
nonlinear optical effects. An essential element of most
devices that exhibit optical bistability is an optical

now utilize two states, which give rise to levels of "high"
and "low" energy transmission by the device. In general,
optical bistability presenting the phenomenon of
hysteresis; is obtained as a solution of nonlinear equations.

resonator, in which a nonlinear material is placed. The structure of a laser containing a saturable absorber is

shown in Figure-1.
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Figure-1. Structure of a laser containing a saturable absorber.
L is the cavity length; Z is the direction of propagation.
M1 and M2 are plane mirrors.

2. MATHEMATICAL MODEL

The system of equations of a trimode laser containing a saturable absorber consists of the following equations:
The 1% equation gives the density of photons n0 in the cavity resonator of the central mode. The 2" equation determines
the density of photons n+ in the cavity resonator of the modes of orders +1. Two further rate equations determine the
variation of the difference of population of the active medium Na and that of the absorbing medium Nb. These equations
are written as under [1,2 ]:
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dgia :%— Na(Bgon0 +2Bgﬂnﬂ +7a)

% = Tb_ Nb(Bgnn(J+ZBgﬂnﬂ +yb)
Where:

X:1,Xo represent the coefficients of the losses of the resonator for the mode =0 and j=%1, respectively. B is the
coefficient of Einstein;
L the cavity length, and (] is the mode index 0 or £1.

Va»Yp are the damping coefficients of the active medium and absorber, respectively.
We assume 7, = &y, = &y with & a saturation coefficient: (0< & <1)

2
TP A

Where I is the homogeneous width of line and A; = ‘a) i~ a)o‘ the detuning from the central frequency @, .

Alsorption and emission lineshapes are supposed top have a Lorentzian shape g with: g

Ra , Rb are the pumping rates of the active and the absorbing medium, respectively,

+— +—
? .o T 3 .2 T . . .
The term I N, sin E gz |dz - I N, sin E QZ |dz | : describes the effect of interference produced in the
! [
— 7—

Fabry-Pérot resonator. It can take various values which depend on the position of the two nonlinear media in the optical
resonator. In general, if 1 >> A, (where A is the wavelength of the laser modes) the populations N, and N,, are independent

of position z inside the cavity and consequently this term can be written as:

|
Z+—
2

(N, —N,) Isinz(%qzjdz :(Na—Nb)%

2
For the case where the nonlinear media are placed in the middle of the cavity, A, takes the value

{1 — L sin ﬂl}
7 L

3. OPTICAL BISTABILITY
We study here optical bistability and so we are interested only in the case of stationary laser emission. We
dn.. _dn, _dNa_dNb_,
dt dt dt dt

therefore consider:

This leads us to the system of equations according to:
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—XoNo +87|go(no +1XNa—Nb)AD =

—XaNar+ %I gil(nil +1XNa—Nb)A0 :0

(1.2)

%—Na(BgoanBgﬂnﬂ +7)=0

R;b Nb(Bgons+2bg. N +&y =0

We obtain from the first equations of the system (1):

XoNo _ go(no+1)
X1 Na _gtl(nil +1) 2

In order to simplify the calculations, we introduce the following changes of variables:

B R, BR
QJ— nj, Oaj=——= and oy = —b
7 Xj 7 X

According to equation (2), we distinguish two cases:

with: j=0,%1

3.1: Case where Xo g 21— X1 g 0=0
In this case, the first terms of the system of equations (1) vanish, corresponding to vanishing spontaneous
emission. Let us study the case when the coefficient of saturation is equal to unity (¢=1) and compare it to the case #1 .

a) : Saturation coefficient equal to 1 ( £ =1)

After several transformations, we obtain from equation (1) an algebraic equation of second order of the form:

QOZ +QoA1+Bz=0 (3)
1 Agﬂ(aao—abo)

A g O(Uao —Oho (B)
Where: A = - and B.= Y.
g, +29 2(go+2gﬂ) 2g0+29-1)
The necessary condition for optical bistability (OB) (at least 3 different values for one value of Q) cannot be fulfilled.

b) : Saturation coefficient not equal to 1 (f * 1)
While proceeding in the same way as above, we find an equation of third order in Q, of the form:

Q:+AQ:+B:Qy+Cs=0. (4)
Where:

ES
A _ (1+§)X11 Au(O'an*Ghu)L 2(1+§)Xﬂ go AO(GEO_O-bO)XilgiI
et Axaga+a 3k, 144X 14950 goxiaxaga+4 3k guxe+4xaga+4 ik,
g 947%g; x.tg: 9 gurtg:x © 9+7%g;
5 A B A B
I 0
B, = g; - 7(0-30 T (7} _ TO(GHOQ“—U% )Xi] B AO (O-ao " h (7}(‘:1911
3 2 X g2 g3 3
1+4X+1+4g 1+4Tﬂ+ goxi]+4xilgﬂ+4 121 X, goX¢1+4Xilg, 121 X,
o % D 9, g,
AU(Uan —crbn)x(B—j
C 3= — }/
g

gOXl+4X1gl+4gll 0

Since the last term of the equation (5) is very small compared to unity (B/y=10""), the variationnel can be applied. Then,
equation (5) takes the form:
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(Qo +%IQ;+A;QO+BS =0 (5)

The solutions of this equation are easily given and one can find optical bistability.

32 Casewhere: X g —Xx g #0
0 +1 *1 0
In this case spontaneous emission is taken into account. As above, we distinguish the cases where the coefficient of
saturation is equal to the unity or differs from unity.

3.2.1. : Case where § =1
We obtain after several transformations a cubic equation in following form:

Q:+AQ:+BQ, +C=0 ©
where:
B) B .
(* gtyXﬂ 2(—jx(,gt‘
S 4 1 A (g o)
A= (Xt|g07xﬂgt!) gt!(xxlg()*X()g1‘)+g[] B (Uau O'b(,)

(E) K Agx(on-on )(Ej . (&)( B ) (Gau—cn1).

T(Xago—x0g) 2(Xago—XeQa) 2 Ny

e e

4 090 7 X9
To find at least two solutions positive i.e. the effect of the optical bistability, it is necessary that the pumping of the active
medium must satisfy the following conditions
2 X

O-ao-<(fan|:Ag(Zthgo—Xﬂg:I)'i'Gbn
2X<|(90(Bj +1J+2X0(2(ngzl _g*lJ (7)
Cag»>Oap = y r 9 9o +O0by
AU(X:]gO_XOgt|)
o <o _ 2 X + oo
ao ap = A0(2Xt'gu_xl’grl) 0

We note that the conditions are not fulfilled at the same time and consequently there is no optical bistability if the
coefficient of saturation is equal to unity

3.2.2. Case if the coefficient of saturation is different from unity (cf ;ﬁl)

By using the expressions of Qo,Q:1,0a0 €t0n, , we obtain after several transformations an algebraic equation of fifth
order of the following form:

Q:+AQ;+B.Q;+C.Q:+DQ,+E /=0 (®)
where :

B B

2 *1 7Xil 4 ZXO -

N (7) L (7) L+8) A
(X290 —Xog=1)  go(XerGo—X0@-1) Qo 2

(B B B B (B
gOZX;,(fJ 4g:xlex"[7j thl(i)(l‘Fg) Angoxfl(ij(o'au—o'bo) 4gjLX;[fj
B, 4 + 4 + 4 - 4 + 4 + g

:(legn—Xngzl)2 (X:lgo—Xngzl)2 (X“g[’_xog“) (X“go_X(‘g“) (legn—Xng:l)2 gﬂz

292 (1+&)x, ij A, 31xn(i) a0 — O bo
+ i ( 5) (7 - v 4 (O- i )_ As (O-a“’z_o-b")_h[iJ(Gao —GbO)
(x-igo— Xega)g: go(Xeigo— Xog 1) 27 2 \y

((Tao—(fbo)
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D = 2 2 - 2 - 2
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3.3. Evolution of the density of photons with pumping rate of the active medium
To specify the conditions of appearance of OB, it is convenient to establish a program, which determines the
intervals of OB. It is based on the condition that at least two positive densities of photons inside the cavity exist for a given

pumping rate. The programme determines the values of (Qu Qo Qs ) for various values of the
parameters O Ao, §1, Qo ,f , while taking (O'ao ) as variable. Then, we plot the densities of photons as function of the
pumping rate of the active medium (O‘ao) for the parameters o , Ao, g+, Jo and & (Figures 2 and 3).
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Figure-2. Density of photons Qo as function of the pumping rate of the active

medium (Gau) (case where the spontaneous emission is neglected & = 0).
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Figure-3. Density of photons for various parameters
(case where the spontaneous emission is included).

4. DISCUSSION

By examining the influence of the parameters of
the L.S.A on the appearance of the optical bistability, we
notice that a reduction in the coefficient of saturation,
leads to an increase in the interval of the density of
photons in which the system shows optical bistabitity. This
can be explained in the following way: the difference in
energy of the absorbing medium must correspond to the
frequency of the laser transition in the active medium. In
the initial state, the saturable absorber has its maximum of
opacity; i.e. the state is not saturated. The luminous
irradiation of the saturable absorber at the frequency of
oscillation gives rise to a resonant absorption and of
spontaneous emission. Then, when the pumping of the

absorbing medium (O'bo) increases, the saturation is

increases, too. After the end of the irradiation, energy
relaxation ensures the return to the fundamental state and
the absorber becomes again unsaturated. On the other
hand, if the pumping of the absorbing medium increases, it
causes the saturation of the medium thus and generates an
increase in the interval of the effect of the optical
bistability and consequently the increase in extended in the
density of photons.

Concerning the parameter Ao , which depends on
the length of the cavity as well as on the lengths of the two
nonlinear media, we notice an increase in the interval of
optical bistability as well as of the extent of the density of
cavity photons. That is probably due to the growth of the
interfering wave amplitudes which produce an increase in

the intensity in the cavity. Concerning the profiles of the
lines (go 01 ), their increase (that is the increase in I or

by the reduction of Aj =@;—@. ) lead to an increases in

the interval of the effect of the optical bistability and of the
density of photons. This can be explained by the following
argument: if I' increases, more modes can oscillate in the

cavity. On the other hand, if A; decreases, the laser tends

to become monomode since @; approaches @, , giving
rise to the same features.

Linearization of the system of equations in the vicinity
of the stationary solution

The linear analysis of stability consists in
determining the evolution of small variations of balances.
If the balance is stable, their variations diminish in time.
On the other hand, they diverge in the case of an unstable
balance. One linearizes the system of differential
equations in the vicinity of the stationary solutions and
considers for this purpose:

n,=n_+An_ ()

n.=n__+An_(t)
N = N_+ AN ()
N, =N_+ AN (1)

Where: Nos,Nsis,Nas,Nos are the stationary values.
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Ano,An.i,AN2,ANs are small corresponding variations [dan, |
of quantities with respect to their stationary values. When dzt n aaaa
. . n 0 11 12 13 14
replacing n ,n_, N et N in the equations of the e n aa aa ©)
system (1) and neglectlng all quantities which are of dAN = A Ni ou A= a a, a, a ,’
second Qrder in sn?allness. A, one obta}ns finally a system dt N aaaa
of  linear differential equations for the dAN ’ vomomo
variations Ano(t), Anil(t), AN a(t), AN b(t) which is T at
given by:
A is the matrix representing the characteristic equation of
the system of linear differential equations.
Where:
aII:—Xn+Blzg" Ao(N =—N bs) 5 al}z(nns‘i'l)Bzilgvo:—aM s aZZZ—th‘i‘Blzgtl Au(N s — N

an=az=ax=as=0.

as :(ni15+1)82—|g aAr=—2axu , azsz(n s +1)BZ—|g wAv=—au ,an= (n:,s +1)%—Ig aAv=—aos.

as =—Nw«Bg,,an=-2Bg . Nu, an=—(Bg onu+2Bg iN..+y.)
as1=— N Bg 0, A42= —2Bg 2N , 44 = (Bg on05+2Bg on:ls+]/n),
The calculation of the determinant of (A+ M) gives the characteristic equation of fourth order in A :
A+ k A+ kAP +kA+k =0 (10)

A is the eigenvalue of the matrix and I is the unit matrix of order four.

The k; have t-he values:
k =a +a_+a_+a .
1 11 22 33 44

k=ala+a +a )+aa +aa +aa -aa -aa —-aa -aa
2 1 33 22 44 22 44 33 44 22 33 23 32 24 @

13 31

k=aaa +aaa +aaa—aaa—aaa+aaa—aaa—aaa—a(a +<’:i4

aaleal

k =qaaa-aaaa-aaaad-aaaadt+aaaa-aaaa-aaaa-aaaat+aaaa

22 33 44 11 23 32 4 11 24 42 33 11 31 22 4 13 24 31 42 13

To know if the state is stable or unstable, one has to
determine the roots of eq. 10. Indeed if the real parts of the
four roots of the characteristic equation (10) are positive,
the state is stable. If, on the contrary, at least one of these
roots has a negative real part, this state will be unstable.
The question of stability or instability of the initial
stationary state covers the fundamental importance in
order to determine whether an automatic damping of
perturbations occurs in a saturable absorber laser. If the
initial state is stable, fluctuations of the amplitude of the
field and the density of inversion of populations cannot
make oscillate the laser. In other words, the stability of the
stationary state means that pumping of the active element
alone is unable to give rise to laser action without the
support of a secondary source

5. CONCLUSION

The analysis of the linear stability of the
stationary solutions showed us the existence of two stable
solutions. Consequently the system shows optical
bistability if the spontaneous emission is neglected in the
system of rate equations. According to the results obtained

22 33 41 14 14 23 31 42 32 41 23 14

in the analysis of optical bistability, we note that one
branch is unstable because it has two positive roots and a
negative root of the characteristic equation, independent
which parameters of the L.S.A are taken within the
interval of the optical bistability. On the other hand, the
two other branches and are stable.

REFERENCES

[1] DINH VAN HOANG, TRAN THI THU HA. 1991.
Inf. Phys. Vol. 32. pp. 75-79.

[2] DINH-VAN-HOANG, PHUNG-QUOC-BAO.
1999. Proceedings-of-the-SPIE-The-International-
Society-for-Optical-Engineering. Vol. 3862. pp. 51-
60.

[3] PHUNG-QUOC-BAO, DINH-VAN-HOANG and

VU-VAN-LUC. 1999. Journal of Russian Laser
Research. Vol. 20(4): 307-316.

20



(4]

(5]

VOL. 2, NO. 4, AUGUST 2007

ARPN Journal of Engineering and Applied Sciences

©2006-2007 Asian Research Publishing Network (ARPN). All rights reserved.

www.arpnjournals.com

PHYNG-QUOC-BAO et al. 1999. Journal of
Russian laser research. Vol. 20(4): 297-306.

S. DJABI. Thése de magister IOMP, Université de
Sétif (1993) [6] A. FRANCON, Thémes actuels en
optique, Edition Masson (1986).

A. TARASSOV. 1985. Physique des processus dans
les générateurs de rayonnement coherent. Edition
Mir.

M. TACHIKAWA, JOSA. B. 1987. Vol. 4(3): 387-
394.

D. DANGOISSE et al. 1998. Les Lasers-Cours et
Exercices. Edition Dunod, Paris.

ISSN 1819-6608

21



