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ABSTRACT

This investigation deals with a mathematical model of a four species (S;, S, S; and S;) Syn-Ecological system
(Fully Washed out State). S, is a predator surviving on the prey S;: the prey is a commensal to the host Sz which itself is in
mutualism with the fourth species S4. S, and S, are neutral. The mathematical model equations characterizing the syn-
ecosystem constitute a set of four first order non-linear coupled differential equations. There are in all sixteen equilibrium
points. Criteria for the asymptotic stability of one of the sixteen equilibrium points: the fully washed out state is
established. The linearised equations for the perturbations over the equilibrium point are analyzed to establish the criteria
for stability. The system is noticed to be locally stable. Trajectories of the perturbations have been illustrated.

Keywords: mathematical model, species, syn-ecological system, mutualism, commensalism, differential equations.

INTRODUCTION

Mathematical modeling is an important
interdisciplinary activity which involves the study of some
aspects of diverse disciplines. Biology, Epidemiodology,
Physiology, Ecology, Immunology, Bio-economics,
Genetics, Pharmocokinetics are some of those disciplines.
This mathematical modeling has raised to the zenith in
recent years and spread to all branches of life and drew the
attention of every one. Mathematical modeling of
ecosystems was initiated by Lotka [8] and by Volterra
[14]. The general concept of modeling has been presented
in the treatises of Meyer [9], Cushing [2], Paul Colinvaux
[10], Freedman [3], Kapur [5, 6]. The ecological
interactions can be broadly classified as prey-predation,
competition, mutualism and so on. N.C. Srinivas [13]
studied the competitive eco-systems of two species and
three species with regard to limited and unlimited
resources. Later, Lakshmi Narayan [7] has investigated the
two species prey-predator models. Recently stability
analysis of competitive species was investigated by
Archana Reddy [1]. Local stability analysis for a two-
species ecological mutualism model has been investigated
by B. Ravindra Reddy et al., [11, 12].

The present investigation is devoted to an
analytical study of a four species Syn-Ecological system.
S, is a predator surviving on the prey S;: the prey is a
commensal to the host Sz which itself is in mutualism with
the fourth species S,; S, and S, are neutral. Figure-1 shows
the Schematic Sketch of the system under investigation.
The model equations of the system constitute a set of four
first order non-linear ordinary differential coupled
equations. In all the sixteen equilibrium points of the
system are identified and the stability analysis is carried
out only for the fully washed out state. The linearized
perturbed equations over the equilibrium states are solved
and the trajectories illustrated.
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Figure-1. Schematic sketch of the Syn Eco- system.
BASIC EQUATIONS

Notation adopted

N, (t): The Population of the Prey (S;)

N, (t): The Population of the Predator (S;)

N3 (t): The Population of the Host (S3) of the Prey (S;)
and mutual to S,

N4 (t):  The Population of S, mutual to S;

t: Time instant

ay, ay, ag, a4 Natural growth rates of S, S,, S3, S4

aqq, Ay, A3z, Aas.  Self inhibition coefficients of Si, Sy, S3, S4

o, A1 Interaction (Prey-Predator) coefficients
of S;dueto S, and S, dueto S,

aia: Coefficient for commensal for S; due to

the Host S;

34, 43 Mutually interaction between S; and S,

& % & & :cCarrying capacities of S;, Sy, S, S

a:ll a22 a33 a44

Further the variables N;, Ny, N3, N, are non-
negative and the model parameters aj, a,, as, as4; a1, a,
a3, A4; A1, Ao, A13, Ap4 are assumed to be non-negative
constants.
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The model equations for the growth rates of S;, dN4 )
Sy, Sz, S, are T:a4N4_a44N4 +3,5N, N, (4)
dN, :
—=aN;—a;N"-a,N,N, +a,;N;N; (1) EQUILIBRIUM STATES
dt . I .
The system under investigation has sixteen
dN , equilibrium states defined by
—2=a2N2—a22N2 +a,N,N; o)
dt dN. .
—=0,1=1,2,34 ... (5)
dN; _ N N,” +a,,N,N 3)
dt 3Ns 7851+ 8 N5, are given in the following table.
S. No. | Equilibrium States Equilibrium point
1 Fully Washed out state N,=0,N,=0,N;=0,N, =0
— = = — a
2 | Only S, survives N,=0,N,=0,N,=0,N, =—
44
3 | Only the host (Sg)of Sy survives | N; =0,N, =0,N, = & N,=0
A3
—_— —_— a —_— —_—
4 | Only the predator S, survives N,=0,N,=—%,N,=0,N, =0
22
5 Only the prey S; survives N, =i, N,=0,N;=0,N,=0
ay
Prey (S;) and predator (S,) N.=0.N.=0N. = 8,85, + 838y, N = 8383 + 8,84,
6 | washed out R TA
A3y, — A3, Ay3a,, — 833y,
— — a — _~— a
7 Prey (S;) and host (S3) of S; N, =0,N, S ,=0,N, _ Y1
washed out a
22 44
—_— —_— a —_— —_—
8 | Prey (S;) and S, washed out N,=0,N, =—%, 3=&,N4=0
22 a33
— — = . — a
g | Predator (S;) and Host (S5) of Sy | - :i, N, =0,N, =0,N, ==
washed out a, a
1 44
—_— + —_— —_— —_—
10 | Predator (S,) and S, washed out | N; = M, N,=0,N; = &, N,=0
8,853 833
—  aa,-a — 38y, +33; T o~
11 Prey (Sl) and predator N, = 8,8y, —&a, N, = & ay + a8, N,=0,N, =0
(Sz)survives a;8,, + &8, 185, +&,8y
— = A, — 3,8,+ta3, — a,3;+aa
12 | Only the prey (S;) washed out N,=0,N, =—%,N, =434—a344, N, = % 788
&y, Aya8lyy — A348y3 Q338 — 84,8,
N=%N=-0N = 8,85, +858y, N = 8,853 + 8583
1= N =U N = 1Ny =
a, Qg3 — 8348, Qg3 — 83485
13 OOuntly the predator (S,) washed where
oy =y, (8.4634 + a'sa44) + a1(a33a44 - aa4a43)
0y = A (3558, — 8348y3)
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Only the Host (S3) of S; washed W:M N_:M N, =0 N_:i
1 1 N v N3 1 Ny
14 out Y ’ ' a,,8,, + 8,3y, Q18y, + 83,8y, Ay
N=P2N=LN-%5N-0
1 » N » N3 1 Ny
B B Qg3
where
15 Only S, washed out
) ,Bl = a3 (a11a22 + a12a21)
152 =3, (a1a33 + a3a13) —8,8,,85
By =ay (3 +a,8,,) +8,8,a,,
Wl: Vit 3857, vN_zz Vot 8387, ’
V3 73
N. = 8,85 858, N = 8,855 + 8383
3 y 1Ny
The co-existent state B538us ~ B3 Bss BaBus ~ B3ufss
16 | (or) where
Normal steady state "= (a13'22 + aza12)(a33a44 - a34a43)
Vo =8y, 3,85
V3= (a11a22 + a12azl)(assa44 - as4a43)
7, = (@a, - aza11)(a33a44 - aa4a43)

The present paper deals with the fully washed out
state only. The stability of the other equilibrium states will
be presented in the forth coming communications.

STABILITY OF THE FULLY WASHED OUT
EQUILIBRIUM STATE
(SI. No. 1 in the above Table)
To discuss the stability of equilibrium point

N,=0,N,=0,N,=0,N, =0
Let us consider small deviations u; (t), u, (t), us

(1), ug (1) from the steady state
ie.,

N, (t) = N, +u,(t),i=1,2,3,4

Where u; (t) is a small perturbations in the species S;.

Substituting (6) in (1), (2), (3), (4) and neglecting products
and higher powers of uy, Uy, Us, Us, We get

%:alu ...... @)
dt '
%:a u, (8)
dt 242
%zau ...... 9
dt 33

du,

E =a,u, L (10)
The characteristic equation of which is
A-a)i-a)A-a)(1-a,)=0 ... (11)
the roots a;, ay, as, a4 of which are all positive.

Hence the Fully Washed out State is unstable.

The solutions of the equations (7), (8), (9), (10) are

u =u.e* (12)
u,=u,e® (13)
u=uge* (14)
u,=u.e (15)

Where uyg, Uy, Usg, Usg are the initial values of uy, Uy, Us, Us
respectively.

There would arise in all 576 cases depending
upon the ordering of the magnitudes of the growth rates
a1, 8, as, a4 and the initial values of the perturbations
Ulo(t), Uzo(t), U30(t),U40(t) of the SpeCieS S1, Sy, S3, Sa. of
these 576 situations some typical variations are illustrated
through respective solution curves that would facilitate to
make some reasonable observations.
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Case (l) If U10<U2o<Uzp<Ugp, Q1<ay<az<ay

In this case prey (S;) has the least natural birth
rate and S, dominates the prey (S,), predator (S,) and the
host (S3) of S; in natural growth rate as well as in its
population strength.

T
_///”4 Uy
40 ’// 1

130

um

o

0 P
Figure-2

Case (ll) If U10<U20<U30<Uyp, dp<a<az<ay
In this case predator (S;) has the least natural
birth rate. Initially the predator (S;) dominates over the

u
log(—2) and
2 ulO
there-after the prey (S;) dominated the predator (S,). The
time t21* may be called the dominance time of the predator

(S») over the prey (S,).

prey (Sy) till the time instant t,, =

U i
g u3
)// 1]
- / .
usn
W20 |
uln i
0 tz1* t

Figure-3

Case (|||) If U10<U3p<U4o<Up, ar<a;<az<ay

In this case predator (S,) has the least natural
birth rate. Initially the predator (S,) dominates over S,
host (S;) of S; and prey (S;) till the time instant

t,, 1y »t,, respectively and there after the dominance is
reversed

Here

« 1 Uy, = 1 Uy, Uy
, =——log—=)t, =——Ilog—=),t,, =——I
L az_anog(%)tz; (,j‘z_asog(um)tzL —3209(%)

Case (iv): If u20<u40<u30<ul0, a3<al<az<ad

In this case the host (S;) of S; has the least
natural birth rate. Initially the host (S3) of S; dominates
over S, and the predator (S,) till the times instant t's, t'5,
respectively. Thereafter the dominance is reversed.

L loge)yt, =—1 log(te o

-4, Uso a, —a, Uy,

Also the prey (Sl) domlnates over S,, Predator
(Sy) till the time instant t 14, t'1, respectively and thereafter
the dominance is reversed.

Here t;, =

* u
Here t,, = Iog( —0)t, = log(—2)
a4 ulO a1 - az Ulo
U 1
W 0wy
mp

L]

a0
Uz

W

t34.'|: t14.'|: t32.'|: t12r|: E

Figure-4

Case (V): If uyp<uze<uip<uyy, az<a,<ay<a;
In this case the Host (S;3) of S; has the least
natural birth rate. Initially it is dominates over the predator

1 og(t2) and
Q- Uy
thereafter the dominance is reversed.

Also S, dominates over the prey (S;) till the time

instant ¢ - _ 1 log(2«0yand thereafter the dominance is

(S;) till the time instant t,, =

4 10

U & 1

uq

1z 1 2]
L]
LT

L]
Uzg

4 —
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Case (vi): If uyp<uze<ug<uyy a;<a;<as<a,

In this case the prey (S;) has the least natural
birth rate. Initially the prey (S;) dominates over its host, S,
and Predator (S,) till the time instant t's, t4 to1
respectively and thereafter the dominance is reversed.

Also S, dominates over the host (S;) of S, and
the predator (S,) till the time instant t"43, t 4, and thereafter
the dominance is reversed.

Similarly, the host (Ss) of S; dominates over the
predator (S,) till the time instant t'5, and the dominance
gets reversed thereafter.

Here
“ 1 u u
ty = log(—* 3°)t1 = log( SHME log(=2*)
P a-a Ya-a, U a-a, Uy
t43* = i IOg(uﬂ);tm’ = L IOg(uﬂ);tgz* = ! IOg(ui)
3~ Y4 30 , — 8y 20 , 8, 20
18] 11 s 1y
m
Wp
40 [ :
Ll i : : : ; !
uz P
0 t3* t42' t1z™ '&13' t13' tat ot

Figure-6

Case (vii): If Uz<Uyp<U1o<Ugo, a3<a;<a;<a,

In this case the host (S3) of S; has the least
natural birth rate. Initially S, dominates over both the prey
(Sy) and predator (S,) till the time instant t, ts
respectively and thereafter the dominance is reversed.

Also the Prey (S;) dominates over the Predator
(S,) upto the time instant t';, and the dominance gets
reversed after.

* u * u
Here t,, = log(=%);t,, = log(—*)
—q 30 2~ N Uy
* u
and t,, = log(—
_az ulO
10 1z Lh5]

g

Uz

40
LUy i [
g0 i .
Uzn ! !
[ !
0 tio* tag® ta* t
Figure-7

Case (viii): If Ugp<u1g<U<Ug ar<a;<as<as

In this case the predator (S,) has the least natural
birth rate. Initially the predator (S,) dominates over the
prey (Sy1), host (Ss) of S; till the time instant t,, tps
respectively and thereafter the dominance is reversed.

Also the prey (S;) dominates over its host till the
time instant t';, and thereafter the dominance is reversed.
Similarly S, dominates over the host (S3) of S; till the time
instant t 43 the dominance gets reversed after.

[V 11
S PR
uz
a0 i
20 i
o L !
130 L !
0 113 bt Mz * ta * .
Figure-8
Here
. 1 u . 1 u
t21 = |Og(ﬂ);t23 = |Og(ﬂ)
a1_a2 10 az_ uzo
N 1 u 1 u
ty = log(=2);t,, = log(—>)
81—83 10 _a4 U,

Case (ix): If ugo<up<us<u;y a;<as<az<a

In this case the prey (S;) has the least natural
birth rate. Initially the prey (S;) dominates over its host,
predator (S;) and S, till the time instant ts, t1o, t1s
respectively and there after the dominance is reversed.
Also S, dominates over the predator (S,) and the host (S,)
of S, till the times instant t'4, and t 43 and thereafter the
dominance is reversed.

Here
. u u . u
t log(—2);t," = log(~2);t,," = log(—2
Sy 09> )t12 ", og(um) by a_a, Og(um)
. 1 1 u
and t,, = log(— 40) t43 = log(—2)
2 T N 20 % Uso
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. 1 u . 1 u
U 4 woug Moy t, = log(—2);t,,” = log(=%)
Q- 20 ) 10
. N 1 u . 1 u
Mo ‘ : t, = |Og(ﬂ);t34 = |Og(ﬂ)
i i & -8, Uyo a;—a, Uso
40 P e
VAR ~_ 1 u
uz0 S and t, = log(—2)
S R
; i i i o U \ u m 15 1z
0 taz ™12 Mz M s 114 t
Figure-9

Case (X): If Uzo<U10<U3p<Upp, a;<ar<az<aj
In this case the prey (S;) has the least natural
birth rate. Initially the prey (S;) dominates over S, till the
time instant t';4 and thereafter the dominance is reversed.
Also the predator (S;) dominates over Sz and S,
till the time instants t s, t ,4 respectively and thereafter the
dominance is reversed.

x 1 Ugy., = 1 U,
Heret, = |Og(—4),t24 = log(—%)
)~ U a,-4a, Uy
* u
and t,, = log(—2)
, & Uy
T 4 uz U4 uzow
uz0 i
30 i
Bils S
40 i : i
0 taa®  t1a™ tog™ t

Figure-10

Case (xi): If ugp<uip<uy<usy ar<az<a;<ay

In this case the predator (S,) has the least natural
birth rate. Initially the predator (S,) dominates over S, and
prey (S;) till the time instant t', t; respectively and
thereafter the dominance is reversed.

Also the host (S;) of S; dominates over the prey
(Sy) and S, till the time instant t's,, t'34 respectively and
thereafter the dominance is reversed. Similarly the prey
(S)) dominates over S, till the time instant t 4, and the
dominance gets reversed after.
Here

=0

U0 ’ '

u10 Dl
g R
0 t1a® ta M * ta ¥ tar™*
Figure-11

Case (xii): If ug<uxp<uz<ujy as<a;<a,<as

In this case S, has the least natural birth rate.
Initially the prey (S;) dominates over its host and predator
(S,) till the time instant t';3, t 1, respectively and thereafter
the dominance is reversed.

. 1 u . 1 u
Here t); = |Og(i);t12 = log(—2)
- U % U
T % Uz uz 1y U4
0 3
=g 0
uan :
g i
0 tiz*  tie* t

Figure-12

TRAJECTORIES OF PERTURBATIONS
The trajectories in the u;-u, plane given by

u u
(—)* = (—%)™ and are shown in Figure-13.
ulO 20
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Also the trajectories in the U, —U, plane given by

u u L.
(—2)* = (—2)* and are shown in Figure-14.

l’IlO USO
Similarly the trajectories in the uj-Us, Up-Us, Up-Us, Us-Ug
u
3

u u u
planes are (—1)™ = (—4)*, (=2)* = (=2)*,
10 u40 UZO U30
u u u u
()% =(—2)%, (2)* =(—)™ respectively.
20 u40 u30 u40
.‘l. ald: 3.3
el
U a;=asg
a7 8y
@] W i
B3
Figure-14
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