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ABSTRACT

Let X be a generalized s-convex metric space, and let Q , J be a pair of asymptotically nonexpansive mappings.
In this paper, we will consider an Ishikawa type iteration process with errors to approximate the unique common fixed

point of Q and J.
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1. INTRODUCTION AND PRELIMINARIES

It is a well known fact that convexity and its
generalization plays important role in different part of
mathematics, mainly in optimization theory. In our paper
we deal with a common generalization of s-convexity,
approximate convexity, and results of Bernstein and
Doetsch (1915). The concept of s-convexity and rational s-
convexity was introduced by Breckner (1978).

Breckner (1978), H. Hudzik and L. Maligranda
(1994) proved that s-convex functions are nonnegative,
when 0 < s <1, moreover the set of s-convex functions
increases as s decreases.

H. Hudzik and L. Maligranda (1994) discussed a
few results connecting with s-convex functions in second
sense and some new results about Hadamard’s inequality
for s-convex functions are discussed by M. Alomari, M.
Darus (1977-1989), 2008 and U. S. Kirmaci (2007). S. S.
Dragomir et al., (1999) proved a variant of Hermite-
Hadamard’s inequality for s-convex functions in second
sense.

Let (X,d) be a metric space, Q,J: X —» X a
pair of asymptotically nonexpansive mappings if
there exists a,b,ce [0,1], a+ 2b +2c¢ <1 such that

d (Q”x, J”x)s ad (x,y)+

b[d (x,Q”x)+d (y,J”y)}

+c[d (X,J”y)+d (y,Q”x)]
(Wang, Li, Zhu,2010)

forall X,y e X,n>1.

Bose (1978) first defined a pair of mean
nonexpansive mappings in Banach space, that is,

[ dy]<afx=y]+b[ |x- Qx|+ ]y y[]

(1.1)
+c[[x=dy]|+[ly—Qx|],

They proved several convergence theorems for
common fixed points of mean nonexpansive mappings. Gu
and Li (2008) also studied the same problem; they
considered the Ishikawa iteration process to approximate
the common fixed point of mean nonexpansive mappings
in uniformly convex Banach space. Takahashi (1970) first
introduced a notion of convex metric space, which is more
general space, and each linear normed space is a special
example of the space. Late on, Ciric (2003) proved the
convergence of an Ishikawa type iteration process to
approximate the common fixed point of a pair of mappings
under condition B. Very recently, Wang and Liu (2009)
give some sufficiency and necessary conditions for an
Ishikawa type iteration process with errors to approximate
a common fixed point of two mappings in generalized
convex metric space.

Inspired and motivated by the above facts, we
will consider the Ishikawa type iteration process with
errors, which converges to the unique common fixed point
of the pair of asymptotically nonexpansive mappings in
generalized convex metric space. Our results extend and
improve the corresponding results in  (1970-2009).

First of all, we will need the following definitions
and conclusions.

Definition 1.1 (see Takahashi, 1970).
Let (X,d) be a metric space, and | =[0,1]. A

mapping @ . X Zx 1 — X s said to be convex structure
on X, if for any (X, y,a)e X andu € X , the following
inequality holds:

d(w(x, y,a)u)< e’d(x,u)+ (@) d(y,u) (1.2)
If (X,d) is a metric space with a convex

structure @, then (X ,d) is called a convex metric space.
Moreover, a nonempty subset EOf X is said to be

convex if (X, y,a)e X forall (X, y,Ot)eE2 x I,
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Definition 1.2 (see Y.-X. Tian, 2005).

Let (X,d) be a metric space, and | =[0,1] and
{an }, {bn }, {Cn} real sequences in [01]witha +b +c, =1
A mapping w: X3x 1% — X is said to be convex structure
on X, if for any (x,y,z,a,b,c,)e X*xI1*andue X, the
following inequality holds:

d(o(xy.2,a,,b,¢,),u)<

(a,)°d(x,u)+(b,)°d(y,u). (1.3)
+(c,)°d(z,u)

If (X,d) is a metric space with a convex
structure @, then (X,d) is called a generalized convex
metric space. Moreover, a nonempty subset Eof X is
said to be convex if@(X,Y,z,a,,b,,c,) € E, for all

(x,y,z,a,,b,,c)e E¥xI°.

1 A My

Remark 1.3.
It is easy to see that every generalized convex

metric space is a convex metric space (Iet C,= 0).

Definition 1.4.
Let (X,d)be a generalized convex metric space

with a convex structure »: X*x1°®— X and E a nonempty

closed convex subset of X. Let Q,J : E — E be a pair

of asymptotically nonexpansive  mappings, and

{a,h{o,}.{c, } {a', 1 {o', L {c',} six sequences in [0,1]
a,+b +c, =

with (3' )P 1+ (b' )*+(c')? =1, for any givenx, € E,

define a sequence {Xn} as follows:
Xn+l = a)(xn’Qnyn'un’an’men)

Yo =%, 3%V, &,,0,C) (1.4)

where {un},{vn} are two sequences in E satisfying the

following condition. If for any nonnegative integers
nml<n<m,d&(A,)>0, then

{d(x, y):xef{u,v},
max
n<i, j<m

<5(A,), (@5)
ye{xj,yj,Qyj,ij,uj,vj}} &

(Am) ={%, ¥, Q. I, U,V sn<i<m),
5(A,,) = sup d(xy),

X,YeAm

(1.6)

then {Xn} is called the Ishikawa type iteration process

with errors of a pair of asymptotically nonexpansive
mappings Q and J.

Remark 1.5.

Note that the iteration processes considered in
[1, 2, 4, 6] can be obtained from the above process as
special cases by suitably choosing the space, the
mappings, and the parameters.

Theorem 1.6. (see Wang and Liu 2009).
Let E be a nonempty closed convex subset of

complete convex metric space X and Q,J:E —>E
uniformly quasi-Lipschitzian mappings with L >0
L'>0and F=F(Q)nF(@J) { }
'S that (X
#(FQ)={xe X :x=x}) Hppose Tat 1%
is the Ishikawa type iteration process with errors defined
by [L41,{u,}, {v.} satisfy (15), and {a,},{b,}{c,}
{a' 1, {o', },{c', } are six sequences in [0,1] satisfying

and

a,+b,+c, =a' +b' +c' =1

S (b, +¢,) <o,

n=0

1.7

then {Xn} converge to a fixed point of S and T if and only
if lim inf __d(x,,F)=0, where d(x,F)=inf{d(x, p): p e F}

nN—owo

Remark 1.7.

Let F(J)={xe X :Jx=x}#0. A mapping
J: X — X is called uniformly quasi-Lipshitzian if
there exists L > O such that

d(3"x, p)< Ld(x, p) (1.8)
forall xe X,pe F(J),nzl.

2. MAIN RESULTS

Now, we will prove the strong convergence of the
iteration scheme (1.4) to the unique common fixed point
of a pair of asymptotically nonexpansive mappings S and
T in complete generalized convex metric spaces.

Theorem 2.1.
Let E be a nonempty closed convex subset of
complete generalized convex metric space X, and

Q,J:E > Ea pair of asymptotically nonexpansive
mappings  withb = 0,and F =F(Q)~F(J) = 0.,

Suppose {Xn} as in (1.4),{un}, {Vn} satisfy (1.5), and

{a,}.{b, b {c,} {a' L {b' Lic' } are six sequences in
[0,1] satisfying
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a,+b, +c =a' +b' +c' =1

S (b, +6,) <0,
n=0

2.1)

then {Xn} converge to the unique common fixed point of
Sand T if and only if lim inf __d(x ,F)=0, where
d(x,F)=inf{d(x,p): peF}

Proof.
The necessity of conditions is obvious. Thus, we

will only prove the sufficiency. Let peF, forall x  E,
d(Q"x, p)<a‘d(x,p)+

b [d (x,Q"x)+d (p, p)}+

¢ [d (x,p)+d ( p,Q“x)]

<a'd(x,p)+

b® [d (x,p)+d( p,Q“x)] 2.2)
+c° [d (x,p)+d( p,Q”x)J
implies

(1-b*—c*)d(Q"x, p)
<(a*+b*+c*)d(x, p)

which yield (using the fact that a + 2b + 2c <land b =0 )
d(Q"x, p)<Kd (x, p), (2.4

where 0< K = (a+b+c)/(1-b—c)<1.. Similarly,

we also have d (J "X, p)S Kd (X, p),

By Remark 1.7, we get that Q and J are two
uniformly quasi-Lipschitzian mappings(with L = L'= K > 0)-
Therefore, from Theorem 1.6, we know that
{Xn } converges to a common fixed point of Q and J.

Finally, we prove the unigueness.
Letp, =Sp, =Tp,, p, =Sp, =Tp,, then by (Wang.
Li, Zhu, 2010), we have

d(p11 pz)gasd(pl’ pZ)
+0°[d(ppy) +d( a0 y)]
+¢*[d(py p,)+d(pyp)]

<(a*+2c%)d(p, p,). (2.5)

Since (a+2¢) <1, we obtain p, = p,. This completes
the proof.

(2.3)

Remark 2.2.

(i) We consider a sufficient and necessary condition for
the Ishikawa type iteration process with errors in complete
generalized convex metric space; our mappings are the
more general mappings (a pair of asymptotically
nonexpansive mappings), so our result extend and
generalize the corresponding results in
(1970,1978,2003,2008 and 2009).

(ii) Since {Xn}converges to the unique fixed point of S

and T, we have improved
Theorem 1.6 in (Wang C. and L. W. Liu 2009).

Corollary 2.3.
Let E be a nonempty closed convex subset of

Banach space X, Q,J : X — X a pair of asymptotically
nonexpansive mappings, that is,

[@x 37| < afx-y]

+b[ =@+ [y - 3y]] 26)
veffe-amy]+ [y -]
withb = 0,and F = F(Q) nF(J) # 0. For any given

X € E,{Xn}is an Ishikawa type iteration process with
errors defined by

Xn-¢—1 = aan + annyn + Cnun)
y,=a', x,+b', J"y, +c',v,) 2.7)

Where {un},{vn}e E are two bounded sequences and

{a,}.{b, h{c,} {a' L {b', L {c',} are six sequences in
[0,1] satisfying

a,+b, +c =a' +b' +c' =1,

< (2.8)
D (b, +¢,) <o,
n=0

Then, {Xn}converges to the unique common
fixed point of Q and J if and only if
lim inf__d(x,, F)=0, where d(x,F)=inf{d(x, p): peF}

n—o

Proof. From the proof of Theorem 2.1, we have
|@x—p|<K[x—p

Where K = (a+b+c)/(1—-b—c). Hence, S and T are

two uniformly quasi-Lipschitzian mappings in Banach
space. Since Theorem 1.6 also holds in Banach spaces, we

can prove that there exists ap e Fsuch

J"x— pH <K|x-p| (2.9)

that Iimn_m”Xn - p|| =0,. The proof of uniqueness is

the same to that of Theorem 2.1. Therefore,
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{Xn}converges to the unique common fixed point of Q
and J.

Corollary 2.4.
Let E be a nonempty closed convex subset of

Banach space X, Q,J : X — X a pair of asymptotically
nonexpansive mappings, that is,

[Q"x=37x]| < aflx-y]

#b| [x=Qx|+[ly-37y[]
relfx= 37|+ [y -Qx]
with b=0,and F =F(Q)nF(J)#0. For any

given X, € E,{Xn}is an Ishikawa type iteration process
with errors defined by

Xn+l = ar?xn + (1_ar§)Q”yn)’
Yo = ﬂr?xn + (1_ﬂr?)‘] nxn)'

where {an} {,Bn}are two sequences in  [0,1] satisfying

(2.10)

(2.11)

Z(l—an)<oo. Then, {Xn} converges to the unique
n=1
common fixed point of S and T if and only if

lim inf___d(x ,F)=0, where
d(x,F)= infﬂ|x— pl:pe Fl

Proof.

Leta, =, and a',= 4, and c, =C',. The
result can be deduced immediately from Corollary 2.3.
This completes the proof.

CONCLUSIONS

I. Fors =1, it becomes work of Convergence Theorems
for the Unique Common Fixed Point of a Pair of
Asymptotically ~ Nonexpansive  Mappings in
Generalized Convex Metric Space.

Il. We established Uniqgue Common Fixed Point
Theorem for a Pair of Asymptotically Nonexpansive
Mappings in Generalized s-Convex Metric Space.

REFERENCES

Alomari M. and M. Darus. 2008. On Co-ordinated
sjconvex functions. Inter. Math. Forum. 3(40): 1977-1989.

Alomari M. and M. Darus. 2008. Hadamard-type
inequalities for sjconvex functions. Inter. Math. Forum.
3(40): 1965-1970.

Dragomir S. S. 1999. S. Fitzpatrick, the Hadamard’s
inequality for sjconvex functions in the second sense.
Demonstratio Math. 32(4): 687-696.

Kirmaci U. S. et al. 2007. Hadamard-type inequalities for
s-convex functions. Appl. Math. Comp. 193: 26-35.

Bernstein F. and G. Doetsch. 1915. Zur Theorie der
konvexen Funktionen. Math. Annalen. 76: 514-526.

Breckner W. W. and G. Orb’an. 1978. Continuity
properties of rationally s-convex mappings with values in
ordered topological liner  space.”Babes-Bolyai”
University, Kolozsv’ar.

Hudzik H. and L. Maligranda. 1994. Some remarks on si-
convex functions. Aequationes Math. 48: 100-111.

Bose S. C. 1978. Common fixed points of mappings in a
uniformly convex Banach space. Journal of the London
Mathematical Society. 18(1): 151-156.

Gu Z. and Y. Li. 2008. Approximation methods for
common fixed points of mean nonexpansive mapping in
Banach spaces. Fixed Point Theory and Applications.
Article ID 471532: 7.

Takahashi W. 1970. A convexity in metric space and
nonexpansive mappings. |. Kodai Mathematical Seminar
Reports. 22: 142-149.

Ciric L. B., J. S. Ume and M. S. Khan. 2003. On the
convergence of the Ishikawa iterates to a common fixed
point of two mappings. Archivum Mathematicum. 39(2):
123-127.

Wang C. and L. W. Liu. 2009. Convergence theorems for
fixed points of uniformly quasi-Lipschitzian mappings
in convex metric spaces. Nonlinear Analysis: Theory,
Methods and Applications. 70(5): 2067-2071.

Tian Y.-X. 2005. Convergence of an Ishikawa type
iterative scheme for asymptotically quasi-nonexpansive
mappings. Computers and Mathematics with Applications.
49(11-12): 1905-1912.

Wang Chao, Jin Li and Daoli Zhu. 2010. Convergence
Theorems for the Unique Common Fixed Point of a Pair
of Asymptotically Nonexpansive Mappings in Generalized
Convex Metric Space. Fixed Point Theory and
Applications. Article 1D 281890. pp. 1-6.

33



