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ABSTRACT

In this work, the stiffness equations for evaluating the internal stress of rigidly fixed portal frames (considering
shear deformation) by the displacement method were generated. But obtaining the equations for the internal stresses
required a parametric inversion of the structure stiffness matrix. To circumvent this problem, the flexibility method was
used taking advantage of the symmetrical nature of the portal frame and the method of virtual work. These were used to
obtain the internal stresses on rigidly fixed portal frames for different cases of external loads when shear deformation is
considered. A dimensionless constant o was used to capture the effect of shear deformation in the equations. When it is set
to zero, the effect of shear deformation is ignored and the equations become the same as what can be obtained in any
structural engineering textbook. These equations were used to investigate the contribution of shear deformation to the
calculated internal stresses and how they vary with the ratio of the flexural rigidity of the beam and columns and height to
length ratio of the loaded portal frames.

Keywords: portal frames, flexibility method, shear deformation, stiffness matrix.

1. INTRODUCTION can be obtained from equations developed in Ghali and
Structural frames are primarily responsible for Neville [6] and Okonkwo [7] and are presented below:
strength and rigidity of buildings. For simpler single storey
structures like warehouses, garages etc portal frames are -
usually adequate. It is estimated that about 50% of the hot- B o Ao i ]
rolled constructional steel used in the UK is fabricated into
single-storey buildings [1]. This shows the increasing A s
importance of this fundamental structural assemblage. The ] ]
analysis of portal frames are usually done with 1
predetermined equations obtained from structural
engineering textbooks or design manuals [2]. It is
important to note that most of the equations in these texts s
were derived with an underlying assumption that
deformation of structures due to shearing forces is ez L
negligible. This can lead to considerable error in the case L
of deep beams and in light weight structures were
precision is of utmost concern [3]. The twenty first century
has seen an astronomical use of computers in the analysis
of structures [4] but this has not completely eliminated the l 2 3
use of manual calculations for simple structures and for f e
easy cross-checking of computer output [5]. Hence the
need for the development of equations that capture the
contribution of shear deformation in portal frames for
different loading conditions.

2. DEVELOPMENT AND APPLICATION OF THE
MODEL

The analysis of portal frames by the stiffness
method requires the determination of the structure’s
degrees of freedom and the development of the structure’s AT AT
stiffness matrix. For the structure shown in Figure-1(a), (b]
the degrees of freedom are as shown in Figure-1(b). I; and
A, are respectively the second moment of inertia and Figure-1. A simple portal frame showing its
cross-sectional area of the columns while I, and A, are the dimensions and the 3 degrees of freedom.
second moment of inertia and cross-sectional area of the
beam respectively. The stiffness coefficients for the The structure’s stiffness matrix can be written as:
various degrees of freedom considering shear deformation
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k19 Kz FKag
K=|kzy Kkzz kza
k31 kz: ksa (1)

Where k; is the force in coordinate (degree of freedom) i
when there is a unit displacement in coordinate (degree of
freedom) j. They are as follows:

_ Ef(nc= ++)+ Ef(lxl ++) I

T ocy +1
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12E1,
o, = _
Where GAyrh? (3)
12E1,
o= -
and GAzel® 4
A Aa

K and T R, xis a shape factor which
depends on the shape of the member’s cross-section. The
reduced area A, of the section can be evaluated from:

IZ
A, =—
.IAden (5)

A\ is the reduced area, | is the second moment of area of
the cross section.

R= 5
b (6)
~Cy
5= l vy da
Where b is the width of the section, ~c3 . Cyp IS

the distance of the topmost fibre from the neutral axis, ¢,
is the distance of the bottom fibre from the neutral axis
and y is the distance from the neutral axis to any
infinitesimal area on the cross section da [8].

For rectangular sections k is 1.2; for a circular
cross section it is 1.185 [8] and for a circular tube it is 1/6
[9]. The values of «k for other cross sections are given in
Timoshenko and Gere [10].

From Maxwell’s Reciprocal theorem and Betti’s
Law kij = kji [11]

When there are external loads on the structure on
the structure there is need to calculate the forces in the
restrained structure F, as a result of the external load.

The structure’s equilibrium equations are then
written as

{F}={F}+ [K]{D} )
Jenkins [12]
k1o
{F}= [kzul (8)
k3o

Where k;, is the force due to external load in coordinate i
when the other degrees of freedom are restrained.

“a ©
Where d; is the displacement in coordinate i.

Fy
(F}={F
Fa (10)

Where F; is the external load with a direction coinciding
with the coordinate i.

By making the displacement vector {D} the
subject of the formula in equation (7)

{0} = [K17*{F — F,} (11)

Once {D} is obtained the internal stresses in the
frame can be easily obtained by writing the structure’s
compatibility equations given as:

M = M, + Mydy + Mzdz + Madq (12)

Where M is the bending moment at any point on the
frame, M, is the bending moment at the point under
consideration in the restrained structure while M; is the
bending moment at that point when there is a unit
displacement in coordinate i.

To solve equation (12) there is need to obtain
{D}. {D} can be obtained from the inversion of [K] in
equation (1). Evaluating the inverse of [K] parametrically
(i.e., without substituting the numerical values of E, h, |
etc) is a difficult task. This problem is circumvented by
using the flexibility method to solve the same problem,
taking advantage of the symmetrical nature of the structure
and the principle of virtual work.

3. USING THE FLEXIBILITY METHOD

The basic system or primary structure for the
structure in Figure-1a is given in Figure-2. The removed
redundant forces are depicted with X;, X, and Xs.
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Figure-2. The Basic system showing the removed
redundant forces.

The flexibility matrix of the structure can be
determined using the principle of virtual work.

By applying the unit load theorem the deflection
in beams or frames can be determined for the combined
action of the internal stresses, bending moment and
shearing forces with

MM +f Vv P
JE T 64" (13)

LA
"TR (14)

Where i and v are the virtual internal stresses while M
and V are the real/actual internal stresses.
E is the modulus of elasticity of the structural

material
A is the cross-sectional area of the element
E
G is the modulus of elasticity in shear,  2(1+wv)

where v is poisson’s ratio « is as defined earlier [6, 13].

If dj is the deformation in the direction of i due to
a unit load at j then by evaluating equation (13) the
following are obtained.

136Az, 0% + 613G A5,1%h + 12E1, 151

d =
. 12E14126A;, (14a)
diz =0 (14b)
dig =0 (14c)
L _ 26Ayh® + 6ELLk
& 3E1,GA,, (14d)
dgy = 2
#EL (14e)
Iy + 2hi;
dyg = —(7 57—
ElI; (141)

From Maxwell’s Reciprocal theorem and Betti’s
Law dij = dji.

The structure’s compatibility equations can be
written thus:

d':ll d:ll d':l:l. Xl d:m

dzg dyy dag {4z p+ {0200 =10
dzy  dzy dag | (X3 dzo (15a)
Or alternatively, fF +d, =0 (15h)

Where F is the vector of redundant forces X;, X,, X3 and
d, is the vector deformation dig, dyo, d3g due to external
load on the basic system (reduced structure).

F=f"(=d,) (16)
_,_ Adjlf]
However, aetlf] | (17) Stroud [14]
-1 ] . -
day
diz —dzz
f_l = 0 —
dygtzg —di; dagfzg —dig
—dza dzz
0 = =
5 dygdzg —diz dazdzg — digl (18)
From equations (14a) — (14f)
1 12E1, 1, G AL,
diq N I GAZ 1B + 61,CGA; 2R + 12E]1, 1,41 (19a)
dag 3E1,6A,, (U + 2hig)

dsa —dl;  2GAyh?lUy + 6EIThl + GAyh*l; +12E1,1:h% (10h)

_ —3E1,1;G Ay, h?
dag — d3;  26AyhPU, + 6EIFRI+ GAy h4I; + 12E1,1 k% (19¢)

B EII;(2GA,, h® + 6EI, )
dag — 35 2GAy 3, + 6EI3hl 4 GAy b4, + 12E1,1;h% (19d)

Equation (16) is evaluated to get the redundant
forces and these are substituted into the structures force
equilibrium  (superposition) equations to obtain the
bending moments at any point.

M = M, + MyX, + MzX; + Mg Xs (20)

Where M is the required bending moment at a point, M, is
the stress at that point for the reduced structure, M; is
moment at that point when only the redundant force X; =1
acts on the reduced structure.

For the loaded portal frame of Figure-3, the
deformations of the reduced structure due to external loads
are:
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dig =10 (21a)
4. = wh3[?
M BElL (21b)

—wi?(ll; + 6hl)
dzg =

By substituting the values of equations (21a) -
(21c) into equations (16)

X, =0 (22a)

B —3GA,, (1, + 2kl wh??
8(2GA; k31, + 6EIZhl + GA, h%]; + 12E1,1:h%) (22b)

2

_ 3wh*364,1; + 2wh?2GA, 1, + 6whI*EIT + 36whI2ELL I,
3 24(26A4,, k31, + 6EIFRI+ GAy, h41; + 12E1,1:R%) (22c)

Evaluating equation (20) for different points on
the structure using the force factors obtained in equations
(22a) - (22c¢)

_ whi?ly (h*C Ay, — 6E1,)
" 12(2GAy, k71, + 6EI2Rl + GAy h*I; + 12E1,1;h%) (23)

M,

_ —4whi?I, (h*GA,, + 3E1,)
24264, h311y + 6EI2RI + GAy h*]; + 12E1,1,R%) (24)

M,

_ —4whi?I, (h*GA,, + 3EL,)
24(264,, h31, + 6EI2hI + GAy h*I; + 12E1,1;h%) (25)

M,

_ whi?l,(R*GA,, — 6E1,)
12(264,,h311, + 6EI2RI + GAy h*1; + 12E1,1;h%) (26)

M,

For the loaded portal frame of Figure-4, the
deformations of the reduced structure due to external loads
are

—wi3(131,G Az, + BhiI;GA;, + 16E1,1;)

dig =

128E1,1.GA,, (27a)
4. = whi?
0 16El, (27b)
—wi*({ll, + 6hl)
dgg =

24E1, 1, (27¢)

By substituting the values of equations (27a) -
(27c¢) into equations (16):

_ 3wl(1*1,G Az, + BhIIZGAz, + 16E],13)
1 3201,GA5.0% + 613GA5,lh + 12EL, 1) (28)

—2wh3[3G4,,

X = _
16{26GA,, 31, + 6EIZhl + GAy h*]; + 12E1,1; k%) (28b)

2

_ 2wi*(GAy kP + 3EI R)(, + 6RIZ) — Owl*h*I;GA,,
48(264,, h3I, + 6EIZhi + GAy h%1; + 12E1,1;h%) (28c)

Evaluating equation (20) for different points on
the structure using the force factors obtained in equations
(28a) - (28c¢)

_ whiGA, (B1R*L +30°L )*ewh1® EL (1L +6RE)
A7 sg(264,, kP, +6EIS RI4GA, RYL +12E 1, LA?)
wit(51%L, GAy, +2411, GA,, h+48EL I |
68 (L GAL 1460, GAy TR+12EL L)
(29)

2w (64, RE+3EL k) (1, +6R L) —Swit R4, GA,,
MB = i g 0 4 - -
48(2GA,, hE1L, +6EL RI+GA, h8L +12E LI h* )
wit(51%L, GAy, +2411, GA,, h+48EL I |
64 (L GAg 1P+ 8y Glg, IRF12EL 1)
(30)

2wi(Ga,, R+ 3EL k(1 #6RL ) —Swith L, GA,,
Ml‘.‘ = T H 2 4 2y
48(2GA,  h5 1L, +6E P RI+GA,, ROI, +12E I, I h*)
3wi® (1%L, GAg, +8R 1L GAy, +16EL L, |
6201, GAg, I® 460, Gy, ItR+12EL L)
(31)

whiGa, (81R71, +30% L |+ewni®EL, (1, +6R 1)
MD = ( H 2 4 zy
48(2GA,, RP1, +6EIL RI+GA,, h*1, #12EL I h*)
3wiZ (1%L, GAy, +8R 1L GA,, +16EL I, |
B4 GAL 12 461, GAy IR+1ZEL L)
(32)

For the loaded portal frame of Figure-5, the
deformations of the reduced structure due to external loads
are:

4 = wih?®
0 12E1, (33a)
a wh3(h3GA,, + 4E1,)
= 8EI;G Ay, (33b)
—wh?
dzg =
6Ely (33¢)

By substituting the values of equations (33a) -
(33c) into equations (16)

B wh3I;G A,
T 13GAz.1% £ 613G A, lh + 12E1,1, (34a)

Ay
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_ —wh(3Ih?1,GAy, + 12E131 + 2h%1;6 4y, + 24hE]L ;)
8(26G4, 3, + 6EI31 + 64, h31; + 12E1,1:h) (34b)

2

—wh3I;64,,
24(264,, 3, + 6EIF ] + GAy, 315 + 12E1,13h) (34c)
Evaluating equation (18) for different points on

the structure using the force factors obtained in equations
(34a) - (34c¢)

Xy =

wh ([, GAy 12 +5GA,, IR+ 12E L L, |
MA = — r n
201, GAy, I +6, GAy TR+12EL L)
whil(shZ 1, GA,, +361E5 +5R5 1, 6A,, +72REL L, |
24(2GA., h2L +6EI0 1+ GA, REL+12EL L k)
(35)

whilGA,,
M.E‘ = - = -
201, GAyy 12+ 61, GAgy TR+12EL I)
whol GA,,
24(2GA,, h31L +6EIR 1+ GA RS L+12EL L k)
(36)
wh L GA,,
M,ﬂ_‘ = — = -
201, GAyy 12+ 6L, GAyy Th+12E L L)
whol GA,,
24(2GA,, h21L +6EIR 1+ GA, RS L +12EL, L k)
@37)
wh L GA,,
My=—— n — +
201, GAgy 12+ 61, GAgy th+12E L L)

whil(SRZ 1, G4, +361EI +5R5 1, 6A,, +72REL L, )
24(2GA,, h2IL +6EI0 1+ GA, REL+12EL, L k)
(38)

For the loaded portal frame of Figure-6, the
deformations of the reduced structure due to external loads
are:

d_ = — Pa?l

W 2EL (39)
dzg =10 (39b)
dzg =0 (39c)

By substituting the values of equations (39a) -
(39c¢) into equations (16)

v - 6Pa%I;GA;,

1 6AL IR £ 6l.GA IR 12E]L, ], (40a)
Xz =10 (40b)
Xz =0 (40C)

Evaluating equation (20) for different points on
the structure using the force factors obtained in equations
(40a) - (40c)

” R (1 3all;G Az, )
M, = —Fa — —

4 1364z, 0% + 61364, 1R+ 12EL, 13/ (a)
Mo = 3Pa®ll;GA;,

CE T 6AL IR L 6IGAL IR 12EL ], (42)
o = 3Pa®l;GA;,

T IGAs % + 6I3GAL IR+ 12E1, 1, 43)
N 3all;GA;,

o T e 1364z, 0% + 613G A, h + 12EL,12 ) (44)

For the loaded portal frame of Figure-7, the
deformations of the reduced structure due to external loads
are:

4 = Pa®l
1o 4E], (45a)

Pa?(3h — a)GA,, + 6EI,Pa
6El,GAyy (45b)

[
b2
=

I

Pat

dag = —
T 2EL (45¢)

By substituting the values of equations (45a) -
(45c) into equations (16):

v 3Pa3l,GA,,

1 ,6GAL IR + 6lGA IR+ 12E],1, (46a)
1. = —Pallly + 2hI)(3k — aaGAy, + 6E1y] + 3Pa’lsGAy h?

B 2(2GAy, kPl + 6EIZRI+ GAy kAT, + 12E1,1;h7) (45b)
R —Palh — aah®I;G4,, + 6REI, ;)

2

- 2(2GA;.h31, + 6EIZRl + GAy k%15 + 12E1,1;:h3) (46c)

Evaluating equation (20) for different points on the
structure using the force factors obtained in equations

(46a) - (46¢).
ratil, GA,,

M, =—Pa+ - +
4 201, GAy 12 +61, Ay, Th+12EL 1)
Pall (6EL —GA, k% |+ Pal(ll, + kI [(3h—a)abAd,, +6E1,]
20264, RO, +EEIF 14+ GA, RE L, +12E L L 1)

(47)

3Patil, GA,,

My =— - —
201, GAL P+ 6L, GA Th+12EL L)
Poih—e)lahl, GA, +EEL L)

2264, B3, +6EIF14+GA,  REL +12E L I k)

(48)
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IPat il GA,,
M, = —— - —
201, GAL 1+6L, GA Th+12EL L)
Poih—e)lahl, GA, +EEL L)
2264, B3, +6EIF14+GA,  REL +12E L I k)

(49)
3pe il CAy,
Mp=—— z — +
201, GAL 1P+ 6L, GA Th+12EL L)
Pall (6EL —GA, k% |+ Pal(ll, + kL )[(3h—a)atAd,, +6E1,]

2(2GA,, RIUI, +6EIS 14 GA, RE L +12E LI, )

(50)

For the loaded portal frame of Figure-8, the
deformations of the reduced structure due to external loads
are:

Palal, G Az, (3] — 2a) + 6kl GAg, + 12E1,1;]

Fa0 = 12EL 1364, (51a)
g = Pah®
W 2EnL (51b)
Pafaly + 2hig)
39 = —— 57—

2EL1; (51c)
By substituting the values of equations (51a) — (51c) into
equations (16)

__ Palal, GA,, (31-2a)+ERILGA #+12EL L]
X = z (52a)
I Gl 134 6L, GA,, tRH12EL I
—3Pahkl, G4, (1-a)
2(2GA,, REL, +6EE 14 GA,  RE L +12E LI, )

¥. = Palar, (264, k2 +6EL J+rL (G4, RE+12E1L ]
37 2(264,,h%1, +6ELF14GA, hEL +12EL L k) (52)

Xy = (52b)

Evaluating equation (20) for different points on the
structure using the force factors obtained in equations
(52a) — (52¢)

M, = N (14

Pa[Ga,, (21°L, +6L th—3all, +2a%1, |+12EL L, | +
2L GA 124+ EL GA TRH12EL L)
Pa[GA, k% (31, —al, +hL )+6EL (al, +211 )]
2(26A, B2 U, +EEIZ 14CA,  REL +12E L, I k)

(83)

Mg, =
pa[Ga,, (21°1, +61 th—3all, +2a%1, |+12EL L |
N 2L GA 1246 GA TRH12EL L) +
palal, (264, h® +6E1L, )+hL (GA; R +12E1, )]
2(20A4,, 31, +EBEIT 144G A, Rl +12EL I h)
(54)

M. = Palal, G4, (31-2a)4 Rl GA +12E1 L]
c— (L GAL 12460 GA, Th+12EL L)
palal, (264, ,h2 +6E1, |+l (GAy hE+12E1, )]
2(2GA,, R, +6EIE 14GA, REL +12EL L 1)
(55)

_|_

M. = Palal, G4, (31-2a)+ Rl GA  +12EL L]
b 2L GA, 12460 GA TRE1ZEL L)

PalcA, n® (311, —al, +hi)+EEL, (al, +2R1)]

2(2GA, B2, +6EIS 14GA,  REL +12E L, L k)

(56)

_|_

W W
T
b A C B C
I 2 I ;5'-2 C
Ay Ay A A
I r| & I 1| b
;}W D i 4_1 Lz ¥ D )
”V I Wfi? T L TOT 7
-1 1 ﬂld"' -ﬂl.-"’
Figure-3. Figure-4
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B I ;5'-2 (:.- I 4_12 (:.-
P P
—»
Wl | Al Ay > >
- A
—™ I I h o al D
— I
™ I
_.,. ;
A D i A D J
A I 7 ST I P
. ' ¥ " ' ¥
Figure-5. Figure-6.
P
L | |
B I A, C 7 EEA i ¥
P I A c
A'] A1 L.! A'] A']
| | | h
I
A D | A
T T A D |
L AT e
A< A 1 L 1=
. =1
Figure-7. Figure-8.
4. DISCUSSION OF RESULTS The calculated internal stresses on the loaded
frames are summarized in Table-1.
Table-1. Internal stresses on rigidly fixed loaded portal frames.
B c T
I As A, = Cross-sectional area of the columns
I, = Second moment of area of the column cross-
Ay Ay section
h A, = Cross-sectional area of the beam
|1 |1 - I, = Second moment of area of the beam cross-section
o — 12E1, o — 12E1,
A D | 1= RiGA,, 2= 1564,
A o 8
I L 1 ﬁ =
=1 1 Ii:f'l
S/No. | Loaded frame Remarks
SR el M
C ol ~_@ 7|0
See
1 h equations
(23) -
(26)
T L - {7 Mg =z <*—
4 + T‘u"g TVE
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o

B wiBl, (2—ocy )
T 12[2(21, + hizoc (U4 + 2hI5)]
B —wi?ly (44,
T 12[2(21, + hizoc (U4 + 2hI5)]
LY Wity
2 y(d44oc, ) + hiz (24, )

My = M,

My = M,

ww M |\ M
R

=

P H, ®
: I L — I Mg -—

TTE A
L . -
e e T Vi T\ )
V. = wi?[2(811, + 3Rl 4o, (U, + 6hIZY]  wi®l,(5h+ 2481 + 4azh)
AT 48[2(21, + RIgMey (U + 2R15)] 64h(ly + 6RIg 4o Uy)
_ wiB[($40c, )iy + 6hIZ) — 18RIZ]  wi®ly(Sh+ 2481 + 4agh)
Fag[2(2011, + hioMoy (I, + 2R15)] 64h(l, + 6RIg4ocg U1y)
_ wiP[(44ec, (I, + 6hIg) — 18RI;]  wi*(3U,1; + 24hiF + 4 o U1, 13)
48[2(211, + hiz}+ocy (I, + 2RI;]] 64(11,1; + 6hI3 4oy 1415)
_ wi?[2(81I, + 3hIz)+ocy (I + 6hIZ)]  wi(3U,0; + 24h1F + 4 ecg 1413)
TP 48[2(21, + hig)oc, (I, + 2RIZ)] 64{11y1; + 6RIZ 4ocy 11415)
o wi3ll, + 24hl; + 4 o<z 1) wl
DT T32(l, + 6higteg ;) AT 3
widly

4h(ll, (44+0,) + 2RI (1+e,))

i

J.rl'.fc

See
equations
(29) -
(32)

E C 7

®

ji=n

YYYYVYYVW

-
L

A m Ha @ Hp
o | B
L m A i l I‘rID ?
A= = 1'" &) -"l'B
whi(Iy1 + Shiz4oc; ;) wh?(9U, + 36 oy [I; + 5hi; + 72 oy hig)
201,01 + 6hI4ocy Uy) 12(4l1, +ocy [y + 2hi; + 2 ocy BI)
_ wh?l, wh?l,
C 200yl + higdocg 1) 12(40, 4oy I, + 2hi; 4 2 oy hlg)
wh?l, wh3lg
2010 + hig4ocy 11} 12(411,4ocy [, + 2RI, + 2 oy ki)
whiI, N wh?(9ll, + 36 o, [I; + 5hi; + 72 o, hl,)
21,1 + hig4ocg 10,) 12(4l1, 4oc, 1y + 2hi; + 2 o<, hl;)
vo— T = wh?l,
R Y R T
_ wh(3ll 4, Iy + 2hl; + 24 o hiIg)
O 44114+ ey [l + 2RI, + 2, hI.) H, =wh—Hy

%

M, =

M,

M =

M, =

See
equations
(35) -
(38)
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o

= o Mg /_’_,/-’ I
P P
— —
s h
4 D
AT L T
M. = —Pat 3Pa’l, Mo = 3Pa®I,
A = T O Y 6hl vagll; I, + 6hiz + agll,
o = 3Pa’l, v = 3Pa’l,
e T T, v 6hl; taglly ° %7l + 6hlz +agll,
vy - 6Pa’l,
A4 F T3 4+ 6lhl 4 2], H, =H. =F
) Mz M
E C 7
p ®
' ®
N h
H,. H
& D AU, @ ]
I, -+
Vi L mm +  Ma Mp 4 i
= ] =t N -"L PO\ -"L B ) See
M, = —Pa 3Pa*l, Pa®*h*I5(ec; — 23+ Pa(ll; + hI;)2a(3h — a4, B*] equations
4 T TRET U, + 6hig + aglly) 2RE(41, 4uocy 11, £ 2RI, ¥ 2 o, RIg) (47) -
fl_-f _ 3Pﬂ-=f= Pﬂ-{h - ﬂ-}{zﬂi:+m1 M:} (50)
TE T 2(Uy + 6hl; 4 aglly)  2h{(4 4o, [, +2hI; + 2y hlg)
v = 3Pa’l, Pa(h — a)(2alz +, hlz)
TET 2y 4+ 6Rl; +aglly) 2h(4U, 4o, Uy + 2RI, 4 2 0y RIG)
e = 3Pa®l, Pa*h®I (0, —2) 4 Pa(ll, + hig)[2a(3h — e}, hZ]
TET 2y + 6hIg ¥ aglly) 2h3(4ll,4oc, [y + 2hI; 4 2 0, hig)
vy - 3Pa’l,
A7 B TR + 6lhlgteg 131,
_ Pa(ll, + 2hI;)[2a(3h — )+, h*] — 3Pa*R?];
B 2h{4h3ll, 4o, h2l, + 2R%]; + 2w, h3];) H, =P —H,
F / ;
L_a | L Mg M
: i . \ _ ]
h See
" A equations
A b __ < /® _ Hp (53) -
| mw o+ wg Ma MpTames (56)
_e E Vi

Ree

_ Pa[2(31, — aly + hiz)+%, (al, + 2hiz)]  Pa[2i%1, + 6lhi; — 3all, + 221+, 13],]

TAT 2(al ey 1y £ 2RI, 4 2oy hIg) 2(1y + 6hI; 4 a5ll4)
FPa[213], + 6lhI; — 3ally + 2231, ey 131,] Palal, (4+0c,) + 2RI {140, )]

Mg =
& 2I(l1, + 6hl; + agll,)

2(4ll, ¥, Uy + 2hl; + 2 =, hlg)
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Palal, (3] — 2a) + 6hil; 4ocq [71,]

Palal, (440cy ) + 2RIz (140cy )]

J.i‘l"f = —
€ 2(1y + 6hlg + czlly)

_ Pa[2(31l; — aly + hiz)4o, (aly + 2hi3)]  Palal, (31 — 2a) + 6hilz+ocg 131]

2(410,4ocy Uy + 2hig + 2 oy hI;)

TP 2(4ly 4oy Uy + 2RI 4 2oy RIG)

__ Pafal, (31 — 2a) + 6hil+0cy [214]

2(lI; + 6hl; + agll,)

Vo =

H,=H

13(ll, + 6hlg+og 1) =
3Pal,(l — )

2~ h(all 4o, I, + 2hi; + 2 «; hlg)

The effect of shear deformation is captured by the
dimensionless constant o and is taken as the ratio of the

end translational stiffness to the shear stiffness of a

member.
o _12El, R  12EL
T B 531.-_55531.- (57)
o — 12F], [ 12EI,
T GAn,  RGAg (58)
bg
g=—=
oy (59)
When the shear deformation in the columns is

ignored,®1= 0 | and likewise when shear deformation in
the beam is ignored ®z= 0 . If shear deformation is

ignored in the whole structure, *3=%z=10

The internal stress equations enable an easy
investigation into the contribution of shear deformation to
the internal stresses of statically loaded frames for
different kinds of external loads.

For frame 1 (Figure-3), the moment at A, Ma is
given by equation (23). The contribution of shear

deformation in the column &M, s given by:

ﬂﬂwA = *HALF."um eguation 21) ﬂfALf.“nm equation 21 when =3 =0}

_wiBly 2—oc, B 1
712 U (44 )+ 2RI (140, 20, ¥ ki (60)
Equation (60) gives the contribution of shear
deformation to M, as a function of h, I, I3, I, and a.
For a concrete portal frame of length | = 5m,
height h = 4m and the columns’ depth about the axis of
bending H = 0.4m; equation (60) was evaluated to show

Il/

how shear deformation varied with /{z. The result was
plotted in Figure-9. From Figure-9 it would be observed

Lif _

that at as /lz - 0 the value of AMy==10 _ This
implies that an increasing flexural rigidity El, of the beam
relative to that of the column reduces the contribution of
shear deformation to the value of the internal stresses. As

Il/

== 0
the value of /12 the value of AMy==> —0.0223
this is the maximum shear contribution per unit load w. By

varying the height to length ratio h/l of the portal frame at

Iy /
aconstant /{z of 10, 0000, the peak &My is observed at

hy _

/150 1o be -3125 (See Figure-10). This also
represents a 10.4117% decrease in the bending moment
value obtained when shear deformation was ignored.

In like manner by evaluating the shear

11/
contribution in the beam, &Mz for varying {1z of the
portal frame, Figure-11 is obtained. From Figure-11 it

Il/ ==0
would be observed that at as Iz and as
II/
== 00
I3 the value of BMz== 0  however a

Il/ _

. . = 0.4043
maximum &Mz is observed at //z to be
0.0111. By varying the height to length ratio h/l of the

Iy /
portal frame at a constant /{2 of 0.4043, the peak &AMz

is observed at h!'rf =0.059 5 e -0.20216 (See Figure-

. gure
12). This also represents a 19.407% decrease in the
bending moment value obtained when shear deformation
was ignored.

w=1KkN/m; L =5m; h =4m; H =0.4m
a T T T T T

-0.002

Shear Contribution M
=] =]
o o
[=] o
o B

=
Q
=]
©

.01

0.012
o

1 L L 1 L 1 L L 1
2 4 3] =] 10 12 14 16 18 20
11/12

Figure-9. A graph of AM4 against I4/1;,
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w=1kN/m; L =5m; H =0.4m

Shear Contribution M

L L L L L L
02 04 06 0.8 1 1.2 1.4
hfL

Figure-10. A graph of AMa against h/L.

w=1KkN/m; L =5m; h =4m; H =0.dm

£0.002 +
= 0.004
=
o
=1
o
£ 0.0086
o
Q)
I
.
w 0.008
0.01
i . . . . . : ' . .
o 2 4 5} a8 10 12 14 16 18 2C
1712
Figure-11. A graph of AMg against 14/l
w=1kN/m; L =5m; H =0.4m
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=
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Figure-12. A graph of AMg against h/L.

5. CONCLUSIONS

The use of the flexibility method has simplified
the analysis and a summary of the results are presented in
Table-1. The equations in Table-1 would enable an easy
evaluation of the internal stresses in loaded rigidly fixed
portal frames considering the effect of shear deformation.

From a detailed analysis of frame 1 (Figure-3), it
was observed that though the contribution of shear
deformation is generally very small, it can be significant
under certain conditions. The contribution of shear

Il

deformation AMs was maximum when /Iz was very

h
large and the ratio /i very small. &Mz Was also

Il/
significant when /Iz is in the neighbourhood of 0.4043

and h},r{ around 0.059. In the analysis of the portal frame
of Figure-3 the negligence of shear deformation cannot be
justified when the existing circumstances is close to the
ones outlined above. This detailed analysis can be
extended to the other loaded frames (Figures 4-8) using
the equations in Table-1. These would enable the
determination of safe conditions for ignoring shear
deformation under different kinds of loading. However
Table-1 offers simplified formula for evaluating the
bending moment in rigidly fixed portal frames
(considering shear deformation) under different kinds of
loading.
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