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ABSTRACT

In an earlier paper we have prescribed a modified form of pre-regularization and used this prescription to study
the renormalization of QED and Yang-Mills theory. We have seen that this is one of the best prescriptions in studying the
quantum field theory problems. In this paper we have applied this prescription in studying the renormalization of QCD and

also found the corresponding £ -function. Here also we obtained the same result as found by other regularization

prescriptions.
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1. INTRODUCTION

Quantum electrodynamics (QED) is a gauge
theory to study electromagnetic interactions, which is well
established through rigorous study of many well known
scientists and researchers. In the same way Gross and
wilezek [1], Politzer [2] and Weinberg [3] showed that
guantum chromodynamics (QCD) is a gauge theory to
study strong interactions phenomena. QCD stemps from
incorporating various remarkable ideas of hadronic
physics, such as quarks, partons, colour and current
algebra etc. Asymptotic freedom i.e., coupling strength
decreases at short distances is the key point in establishing
the theory of QCD. That means if the theory is
asymptotically free then the quarks can interact weakly at
short distances.

The problem of renormalization in QED can be
studied perturbatively through the use of regularization
method. That means when we consider radiative
corrections in QED Lagrangian then we have to evaluate
loop diagrams which are not always finite. Then the
problem of divergencies can be consistently studied by the
use of proper regularization method. Although there are
many regularization methods but not all regularization
methods [4, 5, 6] are suitable for all problems even in
QED and many of them can not be used in studying the
problems of QCD. However, like dimensional
regularization [4], pre-regularization [7] is one of the best
prescriptions, which can be applied in studying the
problems both in QED and QCD.

In a recent paper [8] we have prescribed a
modified form of pre-regularization and explained clearly
why one needs to modify the original pre-regularization
[7] method. In that paper we have demonstrated how the
modified form of pre-regularization can be applied to
study the renormalization problem and the calculation of
[ -function in QED and also in Yang-Mills theory. There

we have explained the advantage of using modified form
of pre-regularization than that of others. The main
advantage of this prescription is that one can study the
problem in physical dimension and the calculations are
more simpler than that of other methods.

Because of the simplicity and straight forward
calculation of the combination of pre-regularization and
modified form of pre-regularization it is plausible to check
whether this modified method is applicable in the
renormalization of QCD and other interested problems. In
this view we are interested to apply this new prescription
to study renormalization of QCD.

In section 2, QCD Lagrangian is described and
for renormalization of the theory at one-loop level
appropriate Feynman diagrams are depicted. Since pre-
regularization is described in reference [7] and modified
pre-regularization is describe in our earlier paper [8] that is
why instead of describing the prescriptions we are using
the prescription and relevant results to evaluate the loop
diagrams in section 3. In section 4 we have found different
renormalization constants from the calculation of section
3, which are needed for renormalization of QCD. Then we

have evaluated the /7 -function for QCD.

2. QCD LAGRANGIAN AND ONE-LOOP
FEYNMAN DIAGRAMS
Following [6, 7] we can write the QCD
Lagrangian in the following form:

1 LU
Loco == GG + D8 i7D, —m)a )
k
Where
bcpb
G3, =0,B2-0,B:+gf*B)BS )
D,uqk = (a,u - IgB,u)qk (3)
o 8 ﬂa
asa a
B, =Y Bt :ZBH7 4)
a=1 a=1
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a
Here B,

iso-spin gauge field in the original Yang-Mills theory and
g is the strong interaction coupling constant, K is the

flavour index k=1,2,3,........ N
flavour). Thatis, g, : u,d,s,c,b,...... )

The A ’s are the Gell-Mann matrices that satisfy
the SU (3), commutation relations

da 2o | _jpebe do (5)
2" 2 2

And the normalization condition

is the colour gauge field similar to the

(number of quark

tr(22A°%) =25 (6)

QED describes the interaction between gauge
field i.e., photon and matter field i.e., electron. On the
other hand QCD describes the interaction between colour
gauge field i.e., gluon and quarks. In QED there is no self
interaction between photon, but in QCD due to the last
term in (2) there is self interaction between gluons. Hence
we get some more Feynman diagrams than QED. The

Lagrangian (1) satisfies SU (3), symmetries, so it has

eight generators.

To find the Feynman rules in a consistent way we
have to add gauge fixing term and Faddeev-Popov ghost
term to the Lagrangian (1). Then the complete Lagrangian
can now be written as:

1 L
Laco :—ZszGaﬂ +ZQk('7”Dy—mk)QK
X

+g fo°BRe —%(5#33)2 +(@"E*)(DP) (1)
where « is a parameter in covariant gauge and C* is the
Faddeev-Popov ghost field.

From this Lagrangian now we are able to draw all
loop diagrams. Since we are interested only to one-loop
diagrams, so let us draw only the appropriate one-loop
Feynman diagrams, which contributes to the problem of
one-loop renormalization. The one-loop diagrams are:

One-loop quark self-energy diagram

P\

Figure-1.

One-loop gluon self-energy diagrams

.
et
W@W WA A
.
e

Figure-2(a) Figure-2(b) Figure-2(c)

One-loop ghost self-energy diagram

---).-.rl.-/:j::‘.‘:.}_.LA_).-

Figure-3.

One-loop quark-gluon vertex

< _A

Figure-4(b)

Figure-4(a

If we compare these diagrams with QED one-
loop diagrams [8], we can see that due to gluon and the
presence of ghost field we got four extra diagrams which
are depicted in Figure-2(b), Figure-2(c), Figure-3 and
Figure-4(b). This is because photon can not interact with
itself where as gluon can for which we got the Figure-2(b)
and Figure-4(b). Again ghost field can interact with gluon
and quark which is represented in Figure-2(c) and Figure-
3. Again Figure-2(b) and Figure-2(c) also one can get in
Yang-Mills theory which is also evaluated in [8]. Since
Figure-1, Figure-2(a) and Figure-4(a) are almost same as
in QED diagram and Figure-2(b) and Figure-2(c) are same
as Yang-Mills loops that we have demonstrated in [8]
using modified form of pre-regularization, so in this paper
we will only use these results except some minor
replacement of the factors such as coupling constant g

instead of € and appropriate colour factor C which was

absent in QED. However, we will evaluate the other
diagrams using modified form of pre-regularization and
taking the result of all loop- diagrams we will try to find
the renormalization of QCD. Also we will evaluate the

[ -function with this modified form of pre-regularization.

These calculations demonstrate the advantage of this
method in evaluating loop-diagrams.

3. EVALUATION OF ONE-LOOP QCD DIAGRAMS
WITH MODIFIED PRE-REGULARIZATION

3.1. One-loop quark self-energy

The one-loop contribution to the quark self-
energy is found from Figure-1. Using pre-regularization
we can write the amplitude of quark self-energy as:
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7;1 FJ —K—g +m)y* (8)

>m= Igttj

@' @ k- so - s’
This is the same as equation (11) of [8]; except
the factor g for coupling constant and t%t° for quark-

gluon vertex in a colour diagram.
After doing the p -algebra in 4-dimension and

performing the 4-dimensional momentum integral we get
(like equation (15) of [8]).

t2t°s, ©)

gz agb gz
= _t*"r(0)(p-4
2.(p) 1672 O)(p m)+327[2

Using modified pre-regularization, that is
replacing I'(0) by I'(¢/2) where e =4—d; d isthe
dimension of the integral, the equation (9) can now be
written as:

g C ¢ (p—4m)+ finite term (10)

>(p)=-

Here Cx is the colour factors which come fromt®t”.
We have used the divergent parameter & for
renormalization, which was absent in the original form of

pre-regularization.

3.2 One-loop gluon self-energy

Figure-2(a) to Figure-2(c) contributes to the
gluon self-energy in QCD; where as only Figure-2(a)
arises in QED, which is not for gluon but for electron. The
amplitude of Figure-2(a) is evaluated in [8] for QED. In
QCD problem, we can use the same result for Figure-2(a)
with appropriate corrections for quark-gluon vertex and
colour factor. Hence we can write the amplitude of Figure-
2(a) as:

r[ﬁa)(p)———

Similarly, writing the amplitudes of Figure-2(b)
and Figure-2(c) following equation (56) and (59) of [8] we
get,

T.n,(p’g,, — p,p,) + finiteterme (11)

2

m(p) TS
c) _ g 1
[M=1

Form these calculation it is transparent that the
amplitude of Figure-2(a) is transverse but amplitude of
Figure-2(b) and Figure-2(c) are not individually
transverse. But if we add the result of Figure-2(b) and
Figure-2(c) then the result is transverse. Hence the total

A(lg ng,,v pﬂ p,) + finiteterms (12)

CA(% P’g,, +% p,p,) + finiteterms 13)

amplitude for one loop gluon self-energy is transverse
which can be written in the following form:

2
H#vz_%

2

1
;Tan (ng,uv - p,upv)

+ >9 lCA(p 9, — P, Pp,)+ finite terms
2472
2
= 24 (p 9,0 — P, D, )(@TEng —5C,) + finite terms (14)

3.3. One-loop ghost self-energy

In the ghost propagator only Figure-3 contributes
to the ghost self-energy at the one-loop level. Using pre-
regularization method and substituting the proper
Feynman rules we can write the amplitude of ghost self-
energy as:

oy i o dk 1 Qv (15)
=’ [T P e P S e

p+55)

Where C, the colour factor is arises from the product of

the structure constants.
After simplification and combining the
denominators using Feynman identity we get:
. 4 1 (k+p+ss)
5y__ic.g2[- 9K [y p(k+p+ss (16)
2(p")=-iC,g J(zz)4 Jo K+ 55 + PO + PXA— X

Shifting the variable of integration keeping track
of the surface terms with the help of pre-regularization this
becomes:

_ o p(k+p-x)
D (p%) =-iCagy J(z v IO i+ x0T

32 - j dx p.(ss + pX) 17)

Performing the k-integral and x-integral using
modified pre-regularization method, we obtain:

D (0)=-Cug’ p” + finiteterms (18)

&zz
Which is the amplitude of one-loop ghost energy.

3.4. One-loop quark-gluon vertex

In the quark-gluon vertex only the two diagrams
Figure-4(a) and Figure-4(b) contributes at the one-loop
level. The amplitude of Figure-4(a) is almost same as
QED except the proper colour factor. Using the
appropriate QCD Feynman rules and following the method
of pre-regularization, the amplitude of Figure-4(a) is:
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AY et
(p.p) =gt j =

75 K8 M)y, (=D K5 + )7, 19)
(5 +k+36) (5 —k=59)” ~m*Hp = (2 ~k —5)° -’}

Doing the y -algebra in 4-dimensions and after

going through all algebraic and other technical
manipulations and following equation (22) and equation
(26) of [8] we can write the amplitude of Figure-4(b) in
the following form:

2
A (p,p) = 892 —Ca /2y, + finite terms (20)
e

where (C. —C,/2) came from the colour factor of
t2t°te

Since the calculation of Figure-4(b) is
complicated so let us give a bit detail of it in this paper.

Following QCD Feynman rules the amplitude of Figure-
4(b) can be written as:

i diq 1
(2) _ i~2¢bic ¢ abc
AD =gt f I(z D olra(P+a+3)r,

x{(20+k +255)* g% — (q + 2k +255)* g
-(g-k+sg)"g“}

(21)

where
D=(q+ p+55)°(q+Kk+5g)°(q+5g)°

Let

w=7a(P+0+89)y5[(20+Kk +25),97
—(q+2k+2s55)“g% —(q—k+55)” 4]

. d*g N
A(Z) =i thtc f abc M
H g j(2ﬂ)4 D

1 1

D (q+p+Sg)2(q+k+55)2(q+5g)>

Combining the denominators using Feynman
identity we get,

1-x 1
=2| d d
food, YL@+ p s xr @+ K+ 590y + @+ 59)20-x— Y

1- 1
=2| dx d
JooJ, Q5 + pxrky)? - XT

X =—p?x(1—x)—k2y@-y) +2pk xy

= pzx(x—1)+ kzy(y—l)+2p.k Xy

Using the above results in (21), we get:

A(ﬁ):zigztthfa‘mj o '[ j“ x13

x[(p+q—sg— px—Kky +Sg) —2(2q — 2sg — 2 px

—2Ky +K +25g) + (0 — S5 — px—ky + 2k +5g)7,,

+2(q—Sg — px—ky—k+58)ﬂ+
(d—sg— px—ky+k+sg)y,
+2(p+0q—sg— px—ky+5g),
x(q—sg— px—ky —k +sg)]

Since the odd integrals of g vanishes, so after
simplification the terms that contributes to the amplitudes
are:

d'
@ =Afitef y———x[ Zpl—X) Ky}
c.f I ’{ (TR xf .-
{ZP#X—kﬂ(l—Zy)}Jr(AWﬂ—{p(l X)—kyHpx+k(y-2}y,
200, —ZpL—X) —KyHp, X +K, L+ y) oy, HpL-X) Ky}
{px+KL+ Y)Yy, —290,, +2{p, X -k, yHpx+kL+y)}  (22)

o 5 dig @2,
- 2ig%t tﬂfﬂﬂj(quAjodx Ayl +1] (23)

I, and |, are of the form

I :J' d4q 4qqy I :J' d4q N
o)t [2-XTP @n)* [9% - XJ?

N are the factors without q.

Performing the g-integral we get the one-loop
gluon vertex function in the form:

A(z)_ —2g%%° fach‘ dxj 1 o g

1\(5) - _32% g2 C 574 T(0) + finiteterms
T

-1 5 & -
= C I'(=) + finiteterms
3222 9 Cavu (2)

-1, 1, (24)
= C —+ finiteterms
1672 9 =alu P
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Adding (20) and (24) we get the full contribution
to one-loop quark-gluon vertex:

1) (2
Ay = A0 + A

_ 1 9%(Ce =Cal2)y,, - gchyﬂ1+finiteterms
&

87 1672
=3 12 9% (Cg —Cp)y, + finiteterms (25)
T E

4. RENORMALIZATION AND EVALUATION OF
[/ -FUNCTION IN QCD WITH MODIFIED PRE-

REGULARIZATION METHOD
In section-3 using modified pre-regularization
method, we have evaluated all one-loop graphs arise for
renormalization of QCD model. From our result let us
write all field renormalization constants in a convenient
form.

4.1. Renormalization constants
The quark field renormalization constant z, can

be found from equation (10) which is:

2

=1+
d 87

z Ce

g 2
Putting o =1+-=— (26)
A

We can write Z, as:

al
z, =1+—=C 27
a 2re ¢ @7)
Similarly, the gluon field renormalization

constant Z, can be obtained from equation (14) which is:

2

g
Zp =1-—=——(4T¢n; -5C 28
n=1- T, —5c) (28)
al 4 5
=1-22C1n, -2cC 29
Za 27[5(3 Nt 3 A) (29)

Where we have used relation (26)
The ghost field renormalization constant Z. can
be obtained from equation (18), which is:

2
g° 1
Zc =1+ =C
¢ 1672 ¢ A
e =142 1c, (30)
Ar ¢

The quark-gluon vertex renormalization constant
Z- can be obtained from equation (25), which is:

2
g° 1
2r =1-——(C- -C
T 872’2 g( F A)
al
zr =1-—=(C¢ -C,) (31)
27 &

4.2. The f -function in QCD

The beta function of any model or theory is the
most important results to evaluate. Because it assures the
correctness of the theory and also the validity of the
renormalization prescription used in evaluating the
diagrams. The relation between bare g and renormalization

coupling constant g is given by:

1

g=22gpu°" (32)
Where
2, =(2r2g) 220" (33)

Using equations (27), (29) and (31) we can
calculate Z_, in (33).

7, = {[1—%%(& —cA)Hu%%cF}}

-1

-2

2r ¢ 3

a1l 11 4
2, =[1- 2 (Cy—=T(Ng )+ ————— 34
a |: 272'8(3 A 3 f f) :l ( )

This gives us the coupling renormalization
constant with one-loop accuracy. This is a gauge invariant
result, which is one of the strong check of our
regularization method.

Now, let us define renormalized oy as:

g2

ap ==~ 35
R = (35)
Then using (32), we can write:

g° ;

—— =Z,QRH (36)
4

a= ZaaR/lg (37)

This gives the relation between bare ¢ and
renormalized o, . Taking In on both sides of (37) we get
Ina=Inz, +Inag +elnu (38)
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Let us define,

gl"l

Inz, :im (39)

n=1

Then equation (38) becomes

Ina = FU(a)+|na +¢ln 40
R H

n

n=1 €

Again taking In on both sides of (34), we get:

al 11 4
Inz, =In|1- 2 2(22C, —2Tn )+ —————
“ [ 2z g A3 ") }
a 11 4 1 )
=-2(=Ca—2T¢n;)=+0 41
27[(3A 3ff)g (a®) (41)

Comparing (41) with (39) forn =1, we get the
coefficient of one-loop divergent term:

a 11 4 1
Fl(a)=—5(gcA—ngnf);+0(a2) (42)

Then the /3 -function in QCD is:
2
pla) = a?Fla) =~ %~ (C, - 2Tyn ) +0(a®)  (43)
2z 3 3

In QCD the gauge group is SU(3) and the
quarks are in the fundamental representation. Hence if we
consider C, =3 and T, =1/2 then equation (43)

becomes:
az 2 2
ﬂ(a)=—z(11—§nf)+0(a ) (44)

Equation (44) shows that ifn, <16, then the

[ -function is negative. This implies that the gauge

coupling in QCD becomes weaker at high energies and
stronger at low energies. This behavior is called the
asymptotic freedom. This is another strong check of our
modified pre-regularization method.

5. CONCLUSIONS

The result in section-3 and 4 shows that modified
pre-regularization is one of the best methods to apply in
studying the problem in quantum field theory. Here we
reproduced the same result with other regularization
methods, such as dimensional regularization method for

renormalization constants and /3 -function in QCD. The

advantage of this method is that the calculation is straight
forward and easy to handle. More rigorously we can say
that the p -algebra can be done more conveniently with
this prescription. Because one can perform the algebra
exactly in 4-dimensions or dimension that we are seeking
to do. That means in this method we can study the
problem in exact dimension and after calculation the
divergent part is separated from the finite part. Then in the
divergent part we can use some parameter to study other
features of the problem. This sorts of clear cut separation
and demonstration is absent is other regularization
methods.
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