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ABSTRACT

This article commences with a definition of slow increasing function and moves on to delineate a few properties
of slow increasing functions. Besides, several applications in some problems of number theory using the theory of slow
increasing functions are also presented to show how useful these functions prove in solving complex problems.
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1. INTRODUCTION
Slow increasing functions are defined as follows:

1.1. Definition

Let f : [a,OO) —)(O,OO) be a continuously
differentiable function such that
f’>0andli_rg) f(X)=00. Then f is said to be a slow
increasing function (s.i.f. in short) if lim Xt'(x) =0

X—>00 f(x)

write F={f: f isas.if]}.
1.2. Examples

i f(xX)=logx, x>1isasif.
Note that lim f(x)=limlogXx=o0 and

X—>00 X—00

f/(x)= %,VX >1 and f’ is continuous

XUO0 _ iy L X
X—00 X

=0

Moreover lim

x>o f (X) log x

(i) f(x)=loglogXx,x>e isalsoas.i.f.

2. SOME PROPERTIES

2.1. Theorem
Let f,geF

constants then we have

and let a>0,c>0be two

() f+c @iy f—c dii) cf Gv) fg vy T (vi) fog
(vii) log f (viii) f+Q allliein F.

Proof

Given thatf,geFand a>0,c>0 be

constants.
Proof of (i), (ii), (iii), and (iv) follows the definition 1.1
(v)Let h=f*

Note that

h(xX)=a f(x)*1f'(X)>0, and h’ is continuous

lim h(x) = lim f ()% =0, and

Moreover
X0 xef e ) g XE(X)
lim h(x) =lim f(X)” a lim f(x) 0.

Hence h=f*eF

(vi)Let h=fog i.eh(x)= f(g(x))
Note  that  lim h(x)= lim f(g(X))=o, and
h'(X)= f'(9(X))g'(X) >0, and h’ is continuous
Moreover

. xh'(x) ..
lim h(x) = lim

X (9000 _ i 900 T9(0) X' _
fa) = f@) 909

Hence h=fogeF
(vii) Let h=1log f
Note  that ;l_rgolo h(x)= ll_r};lo log f(X) =00, and

h'(x) = F'e >0, and h' is continuous

f(x)

Moreover
L)

. xXh'(x) . f(x) .. f'(x) |
M0 M log Too ~ B X0 “Tog 00
Hence h=log f e F
(viii) Let h=f +g

. xf _ xf’
For sufficiently large X , we have 0 < <— and

f+g  f

0< X9 X0
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. X x) _. xfT . xg
By adding the above, we get 0<lim hoo < llm—ﬂggj—o

x—0 f

xXh'(X)

- lim h(X) =0 Hence h=f +geF

2.2. Theorem
Let f,geF. Define h(x)=f(x*) and

k(x) = f(x*g(X)) foreach X, then h,k € F.

Proof
Given that f,geF. Define h(x)= f(x%)

and K(X) = f(Xx*g(X)) foreach X.
Let h(x)= f(x%)
Note  that lglalo h(x)= ;151;10 f(x*) =00, and

h'(x)= f'(x*)ax*' >0, and h’ is continuous

Moreover
xh(x) . xE(x®)axe Tt xEf(x*)
lg?o h(x) _;Lm f(x%) —axl}gl f(x%) =0

Hence h(X)= f(X%) iss.if.
Let K(x)= f(x*g(X))

Note that limK(x) =lim f (x*g(X)) =0, and

K'() = F'(x“gO0) @x“'g()+x“g'(x) |>0 and
K’ is continuous
Moreover

limM =1i

X—o0 h(x) X—0

Xf'(x“g () @x“ ! g(x) +x*g'(x) |
f(x“g(x))

= ¢ lim X))
S Rg) e

X9 f'(x"9(x) X9’ _
f(x*g(x) 9(x)

Therefore K(X) = f(X“Q(X)) is s.i.f. Hence h,k e F

2.3. Theorem

Let f,geF be such that
lirnM =o0 and i[M} > (. Then i eF.
== g(X) dx{ g(x) g
Proof

Given that
f,geF,lim L) =00 and d{f(x)}>0

= g(X) dx| g(x)

f'009(0 - f(x)g'(®)

Let px) = f(X) and h'(X) =
*) g(x) 9(x)*
Moreover
X[ (09~ f(x)g'(x)J
lim XX _ iy 9x) lim LX)y O _
o h(x) o ( Mj o f(x) =2 g(x)
9(x)

Hence — e F

g
2.4. Theorem

Let h: [a,oo) — (0,00) be a continuously

differentiable function such that h'(x) >0 and [im h(x) = oo

(i) Define g(x) = h(logx)- Then g ¢ F & lim I‘rl]’((x)) 0
X—>0 X

(ii) Define k(X) = ") Then k e F lim xtv(x)=0
—0

Proof
Given that h'(X) >0 and ;1_1)1010 h(x)=o0

() Define §(x) = h(log X) then g'(x) = -U28X)
X
Suppose geF then g satisfies  1;,y X9 %) _
e g(x)
h'(log x)
X——— '
ie. im—X*—=0 = limM =0
x> h(log X) x>= h(log X)
. h'@®
Putt =logxso that X >0 =>t—> o ..lim—==0
tow h(t)
ie. limM =0.
X—>0 h(x)
. (X
Conversely suppose lim——= =
X—00 h(x)
Putt =€*so that X=logtand X >0 =t—>
o lim VO _ i Pdogh)
x>= h(x) t>= h(logt)
Now lim T _ g, 100Y _ i N0 _
t—w g(t) t—owo h(logt) X—>00 h(x)
Hence g € F
(i1) Like proof of (i)
2.5. Theorem
If f eF then 1im—10g 1) =0.
X—>00 lOg X
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Proof

Given that feF,

(f(m]
. log f(x) .. f(x
lim —2 ( )th ) (byL’Hospital’s rule)
X—>00 IOgX X—>0 l
+)
C1im X g e tim02 0
X—>0 f(x) X—>0 IOgX

2.6. Theorem

f e F if and only if to each « >0 there

exists X, such that —|: (X)} <0,VX>X,
dx| x*

Proof
We have

i{ f(x)}_ F'O0x” = f(ax*™ _ f)| xf'(x) a
dX a - X2a a+] f(X)

Suppose f € F then = lim Xt (X)
X—>0 f(X)

i.e. Foreach a > 0 there exists X, such that Vx> X,

M_o(w VX>X, =>— F(X)}<O VX>X,
f(x) dx| x*

And

To prove the converse assumes that the condition
holds.

Letax > 0be given. Then there exist X, such
that VX > X,

&)

X“

We have, by hypothesis d—|: j| < 0 this implies that
X

xf '(x)
f(x)
i.e.m% Dasx > = limM
f(x) e f(X)
Therefore f € F.

-0l<a, VX>X,

=0.

2.7. Theorem

If f eF then lim—— )

=0 >
hm=5 ,forall £>0

Proof

For any with 0<a < f#, we get by Theorem 2.6,

i{ f (X)} <0, forall VX> X, for some X,
dx| x“

This implies that is decreasing for X > X,
Hence X) bounded above, say, by M
That is, there exists M > 0 such that
fX(x) <M, Vx>X,

. F(x . fx) 1
hmﬁzhm & =
X=X x>0 X% Xﬁ’“
2.8. Note
We know that each f € Fis an increasing
function. Moreover, by the above theorem, it is clear that
. f(x
lim 09 _ =0, V>0. This shows that the increasing
X— Xﬂ
nature of f is slow. In other words, f does not increase

rapidly. This justifies the name given to the members of F.
From the above theorem, we have the following
results:

2.9. Theorem
If feF then limm =0

X—© X

and

lim f'(x) =0.

Proof

In Theorem 2.7 put # =1, toget lim—— ( )_
If feF,then lim—— l (X)
Since 11mw—0 we must have hm f'(x)=0.

X—>0 X

2.10. Theorem

Letf cF then for any a>-land fell , the

series Z n“f(n)” diverges tooo.

n=1

Proof

We write Zn f(n)ﬁ—Z( ““f(n)ﬂ)%

n=1

we know that the series z— diverges to o0
n=1
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Givena>-1=>a+1>0

If £>0 then imn“*' f (n)” = oo

If >0 then

a+l

im—1  —1im
n—w ( f (n)’ﬁ j n>wo f (n)’ﬂ

n

=oo0 (from Theorem 2.7)

ie. z n“ f(n)” diverges to o

n=1

An important byproduct of the above theorem is
the following result.

2.11. Theorem
Let f € F. Then for any o >—1 andfell ,

j.t“ f (t)”dt

lim-t—
xom [ x@Hf (x)P
a+1

Proof

From Theorem 2.10, we have
lim x** f (x)? =0
n—o0

a+l

= lim f(x) =0, Va>-1,Vp

X g 41

From Theorem 2.10, we have ztaf(t)'g:oo
t=1
X—>00

= lim [t f (t)/dt = 0

It“ f(t)’dt

Consider lim-2———
xow (X (x)P
a+1

x*f(xy’

=lim (By L’Hospitals’s rule)

Tt (0 X BEX (%)
a+1

~lim AT
e (v [1 AR RG] (X)j
a+1 (%)

2.12. Definition
Let f,g:[a,00)—(0,0)

Lo T(X) . ,

() If im——==1, then f is said to asymptotically
X—>o0 g(x)

equivalent to §J . We describe this by writing f [ ¢ .

(i) f =0(g)Means f < Ag for some A>0. In this

case we say that f is of large order J.

. f(x

() f =o0(g) Means llmL)z 0. In this case we
X—»0 g(x

say that f is of small order Q.

2.13. Examples

(i) Consider f(X)=x", g(X)=Xx"+X, forall X>0

and im0 — fim X -
X—0 g(x) x—o X" 4 X
Therefore f [ g.
(ii) X = O(10x) B x _1 o x=Laox
i) X = ecause —— =— =— .
10x 10 10
2 . X+l
(i) X +1=0(X") Because lim——=0.
X=X

As a result of Theorem 2.11, we get the following
results as particular cases.

2.14. Theorem
Let feF. Then we have the following
statements.

(i) j f ()’ dt0 xf (x)”

X X 1 X
ii f)dt O xf(x) (i) | ——dt ——
(ii) j () (x) (i) j 0" T
Proof

Let f eF

(1) Put o =0 in Theorem 2.11, we get

jf(t)ﬂdt )
s 2 _ B B
ngw—l :>‘!:f(t) dtD Xf(X)

(i) Puta=0, p =1 in Theorem 2.11, we get
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f f (t)dt )

maxf(x) =1 :>£f(t)dtD xf (X)

(iii) Puta =0, p =-1 in Theorem 2.11, we get

|

I—dt L1 X

f — dtn =
lim £ (xt) =1 jlf(t)m f(x)

f(x)

2.15. Theorem
Let f € F. Then

@ 1%% =1, Forany C €[]

(i) If f'(X) is decreasing then 112} f((c;)) =1, for any
cell

Proof

Letf e F

(i) Case (a). SupposeC >0
By Lagrange’s mean value theorem, There exists

at E(X,X+C) such that
f(x+c)—f()=(x+c—x)f'(t)
Py f(x+c)—f(x)=cf’(t)

= 0<
f(x) f(x)
= ol IO IOt (xx+c)
X—0 f(X) X300 f(X)
hmf(f>;+)c)_1:0, since imf'(X)=0 (by Theorem 2.9)
X—»0 X X—»0
f
o gm0
X—® f(X)

Case (b). Suppose C < 0
By Lagrange’s mean value theorem there

existst € (X +C, X) such that
f(x)—f(x+c)=(x-x-c)f'(t)
0< f(x)— f (x+c) _cf'(p)

f(x) f(x)
= Oslirnf(x)_f(x+c) _clim1 9, te (x+c,x)
e f 00 = £(X)

N h~mf(fx(+)°) _1=0, since fim '()=0  (by Theorem 2.9)
X0 X X0

. f(x+c)
= 111’11—: .
X—00 f(X)

(i) Case (a). Suppose C > 1
By Lagrange’s mean value theorem there

existst € (X, CX) such that

f (cx)— f(x)=(cx—x) f'(t)
0<

- f(cx)— (%) _(e=Dxf't)

f(x) f(x)
=0< limM: (c—l)limw, te(x,cx)
o) = £ (%)

And f (X) is decreasing =

£
There forehm%_ho, since limf'(x)=0 (by Theorem 2.9)

f/(x)> f'(t)

= lim f (CX) =

————==1.
=2 (0

Case (b). SupposeC < 1
By Lagrange’s mean value theorem there

existst € (CX, X) such that
f(x)— f(cx)=(x—cx) f'(t)
0< f(x)— f(cx) _(-o)xf'(t)

f(x) f(x)
=0< 1imf(x)_—f(cx) = (1—c)limw, te(cx, x)
o f(x) e F(x)
And f(X) isdecreasing = f'(xX)> f'(t)
. f(cx)
There fore [im -1=0,
X—0 (X)
since lim f'(X) =0 (by Theorem 2.9)
f
1m& =1.
X—>00 f (X)

2.16. Theorem

Suppose f e F is such that f'(X) s

decreasing. If 0 <C; <C, and § is a function such that
foe0 _,
f(x)

C, < g(X) <c, then 1133
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Proof
Suppose f € F is such that f '(x) is decreasing

If 0<c,<g(x)<c, = fEX)< XXX
since f is decreasing
fex) _ N _ fex)
fxy  fx)  f(x

llm f(clx) < lm f(g(X)X) < lm f(CZX)

s s >
x—o  f (X) X—>0 f (X) x—o  f (X)
= 1< limM <1 (By Theorem 2.15)
X—® f (X)
RACICLIY
X—0 f (X)

3. APPLICATIONS OF SLOW INCREASING
FUNCTIONS TO SOME PROBLEMS OF
NUMBER THEORY

This section details some applications in
problems pertaining to number theory.
We begin with the following important definition.

3.1. Definition
Let f € F . Through out (an ) denotes a strictly

increasing sequence of positive integers such that

a
L —1forsomes=>1.

a, >1 and lim—
n—>» n° f (n)

ie. a, 0n*f(n)

There exist several such sequences.
For example &, = P,, the sequence of prime

numbers in increasing order, f(X)=1logX andS=1.

By prime number theorem we have lim Py =1
n—>=nlogn
3.2. Theorem
Let f:(a,0)— (L) be a sif (a>1)
X
_rtf')”
and lim © dt =00 (a<b). Suppose (@,) be
X—0 b f (t)
the sequence of positive integers such that
a,ln°f(n) (sx1). (1)
Then
i ta.a,..a, 1
n—w a, e’ )
Proof

Given that f:(a,OO)—>(1,00) be a s.if.

(a>1) and limJX.tf O 4t — oo (a<b)
y 1(D

X—®© f

And
a,ln°f(n) (s>1)

= loga, =slogn+log f(n)+o(1)
If N’ is positive integer in interval [a,oo)
Then

Zn: loga, = sznllog k+ Zn: log f(k)+ ano(l) )
k=n’ k=n' k=n’ k=n’

Since log X is increasing and positive in (a,OO)

Now

i logk = jllog xdx + O(log n)
k=:nnlogn—nn’+O(logn)

=nlogn—n+o(n) (3)

On the other hand if &€>0 we have for all
N>n' the inequality |O(1)| <&

Therefore forn > n' , we have

S o(l)
k=n"

n

2 Jo(0)

<ot =D,
n n n
n
ie. >, 0(l)=o(n) (4)
k=n’
We find that

Zn: log f (k)= jllog f (x)dx+O(log f (n))

al ’(XX) dx + O(log f (n)) )

=nlog f(n)—jl 0

We know that

lim 128 T _ i, T

(By L’Hospital’s rule)

n—o n X—>0 f(n)
_im MW, L
n—o f(n) n
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= O(log f(n))=o(n) (6)
Now
th (1) it
lim X o = me'(X)=O (By L’Hospital’s rule)
o X oo f(X)
t xf'(x)
A 4y = 7
! TR ™)

From (5), (6) and (7), we get

> log f (k) =nlog f (n)+o(n) (8)
k=n’

From (2), (3), (4) and (7), we get

anlog a, =s(nlogn—n+o(n))+nlog f(n)+o(n)+o(n)

k=1

= Y loga, =snlogn—sn+nlog f(n)+o(n) (9

k=1

But

D loga, =loga, +loga, +...+loga,

k=1

n
=logaa,..a, = aa,..a, =exp| . log akJ
k=1

Zn: loga,

k=1
n

= 1faa,..a, =exp

=exp

D loga,
—ex [

— o snlogn—sn+nlogf(n)+o(n)J (By 9)
n

= exp(log n°*—s+log f(n)+ 0(1))
= exp(log n°f(n)+ 0(1))6‘S

~ exp(log nsf(n)+0(1)) . n®f (n) =Y
e’ e e

S S

a Jaa,..a 1
Therefore {/Q,a,...a, L 6_2 = % U g
n
Jaa,..a, 1
a, e

= lim

n—o

In view of the above theorem and prime number
theorem implies the following.

3.3. Theorem
Let P, be the sequence of prime numbers. Then

Jp.p,.p, 1

= lim———=—.
nN—co pn e

Proof

In theorem 3.2 put a,=p,, f(X)=logx
andS=1.

Let C,, be the sequence of integers which have
in their prime factorization K prime factors. Rafael
Jakimczuk [4] proved that

(k=D!nlogn
a D
(loglogn)

As a result of previous theorem, we have the
following result.

n,k

3.4. Theorem
o0 Cl,k €,y ...Cmk 1
lim————=—,
n—oo Cn,k e
Proof
In Theorem 32 put a, =Cny»

f(x)=(k—-1)!logn ands=1.

CONCLUSIONS
We apply the results discussed in this article to
look into some of the applications in number theory.
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