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ABSTRACT 

This manuscript illustrates the significance of loops, sub loops, normal sub loop and ideal of loops, when 
compared to general groups and subgroups. It also distinguishes the relations between normal sub loops and ideal of loops. 
Further various properties are verified on loops, normal sub loop and ideal of loops when they are compared to groups and 
subgroups. Various characteristics of normal sub loops and ideal of loops were obtained in additive notation also. 
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1. INTRODUCTION 

Garrett Birkhoff (1942) firstly initiated the notion 
of lattice ordered groups. Then Bruck (1944) contributed 
various results in the theory of quasigroups. Zelinski 
(1948) described about ordered loops. The concept of non 
associative number theory was thoroughly studied by 
Evans (1957). Bruck (1963) explained about what is a 
loop? Various crucial properties of lattice ordered groups 
were established by Garrett Birkhoff in 1964 and 1967. 
Evans (1970) described about lattice ordered loops and 
quasigroups. Richard Hubert Bruck (1971) made a survey 
of binary systems. In the recent past Hala (1990) made a 
description on quasigroups and loops. 
 In this document we furnish definitions, examples 
and some properties of Normal sub loops and ideal of 
loops when compared with groups, in additive notation. In 
this manuscript mainly there are two topics, one is about 
normal sub loops and the other is about ideal of a loop, 
and the definitions, examples and properties are in additive 
notation. Here we provide some of the following foremost 
properties: 
 
a) A sub loop of a loop is normal if and only if it is 

invariant under all inner mappings of the loop. 
b) Every inner mapping is an order automorphism  
c) Let  be a congruence relation on . Then = 

{a is an ideal of . 
d) Let  be an ideal  Define  on  as a 

(mod ) iff a-b . Then  is a congruence             
relation on . 

e)    For any ideal  of ,  = for any 
congruence     relation  on ,  =  ( ).  

 
2.  NORMAL SUBLOOP AND IDEALOF LOOPS 
 

Definition (2.1): A loop is a quasigroup (S, +) 
with two sided identity ‘0’ satisfying 0+x=x+0=x for all x 
in S. 
 

Note (2.1): It follows that the identity element ‘0’ 
is unique and that every element of S has unique left and 
right inverse. 

 
Example (2.1): Every group is a loop, because 

a+x=b if and only if x = (-a) +b and y+a=b if and only if 
y=b + (-a) 
 

Note (2.2): In a loop x/x=x-x=0 and x\x= - x+x=0  
for any x 

              Definition (2.2) A system (S, +, \, /), where S is a 

nonempty set and +, \, / are binary operations on S 

satisfying the following identities:  

(i)  a+ (a\c) = c and (c/b) + b = c, 

(ii)  a\ (a+b) = b and (a+b)/b = a, 

(iii) c/ (a\c) = a and (c/b)\c = b, for all a, b, c in S, is 

called an equasigroup. 

              Note (2.3):  Let (S, +) be a quasigroup.  If we 

define a\b = - a + b, a/b = a – b then (S, +, \, /) is an 

equasigroup. 

Proof: Let (S, +) be a quasigroup. 

(i) a + (a\c) = a + (- a + c) = aa + c = c 

 and (c/b) + b = c – b + b = c. 

(ii) a\(a + b) = -a+ a + b = b 

 and (a + b)/b = a + b – b = a 

(iii) c/ (a\c) = c – (a\c) = c – (- a + c) = c + a – c = a   
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and (c/b)\c = (c – b)\c = - (c –b) + c  

= - c + b + c = b.  

Therefore (S, +, \, /) is an equasigroup. 

               Note (2.4): Every equasigroup is a quasigroup. 

Proof: Let (S, +, \, /) is an equasigroup. 

Therefore S satisfies the following identities. 

(i) a + (a\c) = c and (c/b) + b = c. 

(ii) a\ (a+b) = b and (a+b) /b = a. 

(iii) c/(a\c) = a and (c/b)\c = b 

The first identity state that the equations a + x = c, y + b 

=c have solutions and the second shows the uniqueness. 

Hence (S, +) is a quasigroup. 

              Note (2.5): From Note (2.3) and Note (2.4), every 

quasigroup is equationally definable. 

             Note (2.6):  A loop is equationally definable. 

Proof: By Note (2.5) and the fact that x+0=0+x=x for any 

x. Hence we have that any loop is equationally definable. 

 

              Definition (2.2): Let L is a loop.  A non-empty 

subset H of L is called a Sub loop of L if H itself is a loop 

under the operation of L. 

             Definition (2.3):  A sub loop of a loop   is 

normal if for all x, y in   

      (1) x +  =  + x 
      (2) x + (y + ) = (x + y) +  
      (3) x + (  + y) = ( x +  ) +y 
      (4) (  + x) + y = + ( x + y ) 
  

            Definition (2.4): A loop L is said to be a simple 

loop if it does not contain any non-trivial normal sub loop. 

            Definition (2.5): The left addition mapping a by 
an element a of   is defined by a: x  a + x for all x 
in . 
 

            Definition (2.6): The right addition mapping a 
by an element a of  is defined by a: x  x + a for all 
x in  
             
              Definition (2.7): By an inner mapping of the loop 

 we mean any mapping of the form a a
-1; a b

-

1
b+a; a b a+b

-1; a, b in . 
  
              Note (2.7): A sub loop of a loop is normal if and 
only if it is invariant under all inner mappings of the loop. 
 
              Note (2.8): Every inner mapping is an order 
automorphism. That is x y iff (x) (y) and 

(x y) = (x) (y), (x y) = (x) (y), 
for all elements x, y and all inner mappings  
 
              Definition (2.8): Let L is a lattice ordered loop.   
A sub set  of   is said to be convex if x 

whenever a, b and a x b.    
 
              Definition (2.9): A normal sub loop of a loop 
( , +) which is also a convex sub lattice of ( , , ) 
is called an ideal of . 
 
               Theorem (2.1):  Let  be a lattice ordered loop. 
(i) Let  be a congruence relation on .  Then = 
{a  /a 0 (mod  )} is an ideal of  . 
(ii) Let  be an ideal   Define  on  as a  b 
(mod ) iff a-b .Then  is a congruence relation 
on  
(iii) For any ideal  of ,   =   for any 
congruence relation  on ,  =  ( ). 
 
Proof: (i) Let  be a congruence relation on . 
Now we prove that  

 
First we prove that   is a sub loop of    
Let a, b  
So a  0 (mod ), b  0 (mod ) 
Since  is a congruence relation on  
a+b  0+0 =0 (mod ) 
a\b = 0\0 =0 (mod ) and a/b = 0/0 = 0(mod ) 
So a+b, a\b, a/b are in  
Clearly 0   
So is a sub loop of . 
 
Now we prove that  is normal:  
Let x   
We prove that (1) x+ =  + x 
Let y   
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Put Z = (x+y) / x 
Y 0( )  x+y  (x+o) ( )       
            x+y x ( ) 
                  (x+y)/ x  x/x ( ) 
                 That is Z  0 (  ) i.e. Z   
x + y = (x + y) /x + x ( a/c + c = a) 
          = z + x  + x. 
Therefore   x +    +x. 
Similarly  +x    x +   
Therefore    x +    +x. 
 
(2) Let x, y   .  Let     
x + (y+z) = (x+y) + p for some p   
Write p =(x+y)\[x+(y+z)] 
z 0( )  y+z  y ( )  
             x+(y+z) = x+y( ) 

(x+y)\[x+(y+z)] =(x+y)\(x+y) ( ) =0( ), where 
p=(x+y)\[x+(y+z)]  

p  
Clearly x+(y+z) =(x+y) +p (x+y) +   
Therefore x+(y+ ) (x+y) +  (I) 
Let z  
Put p=y\ ((x+y) +z)) 
So y+p=x\ ((x+y) +z) 
So (x+y) +z=x+(y+p) x+(y+ ) 
z  z 0( ) 

(x+y)+z=(x+y)( ) 
x\ [(x+y) +z] x\(x+y)( ) y( ) 
y\ (x\ ((x+y) +z)) =y\y ( ) =0( ) 

That is p 0( ) 
Therefore p . 
Therefore (x+y) +   x+(y+ ) (II) 
Therefore from (I) and (II) (x+y) +  = x+(y+ ). 
 
(3)To prove that x+ ( +y) =(x+ ) +y. 
Let z  
Put p=x\ {[x+ (z+y)]/y} 
Therefore x+p = [x+ (z+y)]/y 
Therefore (x+p) +y=x+ (z+y) 
Now p=x\ {[x+ (0+y)]/y} (mod ) (  z ) 
            =x\ {(x+y)/y} (mod ) 
           =x\x (mod )  
          =0(mod ) 
Therefore p . 
Therefore x+ (z+y) =(x+p) +y (z+ ) +y 
Therefore x+ ( +y) x+ ) +y 
Similarly x+ ) + y x + ( +y) 
Therefore x+ ( +y) x+ ) +y. 
 
(4)( +x)+y= +(x+y) 
Let z   
(z+x)+y=z+(x+y) 

Put [(z+x) +y]/(x+y) =p 
Clearly (z+x) +y=p+(x+y) 
p [(0+x)+y]/x+y=(x+y)/(x+y)=0(modp) 
Therefore p   
Therefore ( +x) +y +(x+y) 
Similarly +x) +y +(x+y)   

+x) +y +(x+y)     
Now we can prove that  is convex: 
Let a, b , x  such that a b x a b 
Now a, b  a 0( ), b 0( ) 
a b 0 0( ) 0( ) 
a b 0( ) 
a b a b ( ) 
(a b) (a b) ( )  

x (a b) ( ) 0( ) 
  

So  is a convex sub lattice. 
(ii) Let  
Define  on   as a b (mod ) iff a-b  
Now we prove that  is a congruence relation on  
For this first we prove that is an equivalence relation 
on  

i) Re
flexive:     For a , a-a=0  then 
a a(mod ) 

       (ii)          Symmetric: Let a, b  
                      Suppose a b (mod )  

 That is a-b  
 That is - (a-b)  
 That is b-a  i.e. b a (mod  

      (iii)         Transitive: Let a, b   
                      Suppose a b (mod ) and b c(mod )  

a-b  and b-c   
(a-b) + (b-c)    
a-c     

                       That is a c (mod ). 
is an equivalence relation on .  

 
To prove that is a congruence relation on   
Claim: a+a1 b+b1) (mod ) 
           a\a1 b\b1) (mod ) 
           a/a1 b/b1) (mod ) 
(a+a1)- (b+b1)   
(a+a1)- (b+b1)   
(a+a1)= (b+b1) +p for some   
Now a +b, a1 +b1 

 a+a1 ( +b) + ( +b1) + (b+b1) 
That is (a+a1)-(b+b1)   
That is (a+a1) (b+b1) (mod ). 
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(iii) Let  be an ideal of  
Let x  x-0=x   
  x 0(mod ) 
 x   
Therefore    
 Let x    

x 0(mod )  
 x-0=x   
Therefore         
Therefore =   . 
   
Let be a congruence relation on . 
a  b (mod     

 a-b    
 a  b (mod  ) 

a  b (mod  )   a-b      
 a-b  0(mod  ) 
 (a-b)+b=0+b (mod ) 
 a     

Therefore   . 
Hence the proof.    
  

3. Conclusion:  
  
         This research work make possible that a sub loop of 

a loop is normal if and only if it is invariant under all inner 

mappings of the loop. Every inner mapping is an order 

automorphism. If  is a congruence relation on ,   then 

it is observed that = {a  /a 0 (mod  )} is an 

ideal of .  If  is an ideal , then there is defined  

 on  as a  b (mod ) iff a-b .  Then  is a 

congruence relation on For any ideal  of ,   =  

   for any congruence relation  on ,  =  

( ). In this manuscript mainly there are two topics, one 

is about normal sub loops and the other is about ideal of a 

loop, and the definitions, examples and properties are in 

additive notation. 
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