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ABSTRACT 

The mathematical model of the motion of gas particles in De Laval nozzle in the one-dimensional non-isentropic 
approximation is considered. The model takes into account the exchange of momentum and energy between the gas and 
solid phases. We obtained a system of ordinary differential equations for the parameters of the gas and particle velocity and 
temperature. For the particular case of air as a carrier gas and copper particles, the system of equations is solved by the 
Runge-Kutta method. Inlet pressure was equal to 2.5· 106 Pa, inlet temperature was equal to 773 K. For particles of 
different diameters, the particle velocity and the temperature were calculated at the nozzle exit both in the isentropic and 
non-isentropic approximations. The ratio of particle and gas mass rates varied up to 20%.  For small particle of 8 microns 
in diameter, exit particle velocity decreases from 691 m/s to 641 m/s, exit particle temperature increases from 113 K to 143 
K, while ratio of mass rates arises from 0 to 20 %. For large particles, velocity difference is less than for small ones.  
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INTRODUCTION 

Cold gas dynamic spraying (CGDS or cold spray) 
is a process in which powder particles of spraying material 
are injected within supersonic gas flow. Particles move at 
high speed in the gas stream and impact with the substrate 
material to form a coating [1, 2, 3]. Properties of the 
deposited coating and the deposition efficiency are 
determined by the speed and temperature of the particles at 
the time of impact [4, 5, 6, 7] and by substrate temperature 
[8, 9]. Carrier gases are accelerated up to supersonic 
velocities through converging-diverging De Laval nozzles.  

Particles are injected in the carrier gas across 
either the nozzle inlet region or diverging part of the 
nozzle downstream the throat. In the first case, higher final 
velocities can be reached as they are entrained in the jet 
stream for a long period of time. On the other hand, when 
the particles are injected downstream the nozzle throat at 
low pressure zone, it is a more practical solution, but the 
impact speed reduces. 

Most researchers separates the calculations of 
particle speed and temperature into two stages. In the first 
step, parameters of the gas are calculated in the nozzle and 
in the space between the nozzle and the substrate surface. 
In the second stage, the calculation of particle velocity and 
temperature is performed. It is usually assumed that the 
particle concentration is so low that particles have no 
influence on the characteristics of the gas flow [10 - 26]. 
Calculation of gas flows is carried out either based on one-
dimensional isentropic approximation [11, 12, 19], or by 
Computational Fluid Dynamics (CFD) methods [10, 13 - 
28]. Most of the CFD calculations were performed using 
the Fluent commercial software. The Lagrangian Discrete 
Phase Modeling (DPM) algorithm is implemented in 
Fluent. Thus, the calculation of the gas motion and the 
calculation of particle trajectory and particle velocity can 
be carried out sequentially by Fluent [13 - 15, 17 - 24, 27]. 
Samareh et al. [29] have studied the behavior of particles 
in De Laval nozzles and effects on gas velocity for high 

particle loadings (60 to 180 g/min), and by implementing 
advanced multiple equations Reynolds Stress Model. Such 
models can be accurate, but are relatively difficult to 
consistently converge up to higher order schemes [21]. 

Basics of one-dimensional isentropic method of 
gas velocity calculation in Laval nozzle are presented in 
papers [3, 4, 5]. The application of this method of 
calculation gives some overestimated values for the 
particle velocities, because there is thick boundary layer 
near the nozzle wall, so the one-dimensional 
approximation is not valid. However, the correction, 
proposed in papers [19, 30, 31] leads to the fact that the 
estimation of the particle velocity becomes accurate. 

The flow in De Laval nozzle in the case of high 
concentration of particles is not adiabatic and isentropic 
because there is heat and momentum transfer between the 
gas and particles. In this paper, we proposed one-
dimensional non-isentropic method of calculation of gas 
parameters in De Laval nozzle. 
 
MATHEMATICAL MODEL 

The equations of energy, momentum, mass and 
equation of state for ideal compressed gas are presented 
below:  
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where x is coordinate along axis of the nozzle; i is gas 
enthalpy; u is gas velocity; F is the specific force, acting 
on the gas from the accelerating particles; q is the heat 
received from particles by unit of gas mass; p, ρ and T are 
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pressure, density and temperature of the gas; A is area of 
the nozzle cross section; R is gas constant. Let take into 

account, that RTi
1





,  a2 = γ R. Here γ is the ratio of 

gas specific heats, a is a speed of sound. After 
transformation, equations (1) could be presented in the 
next form: 
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The system of equations (2) should consider 

together with the equations of motion of the particles 
under the acting of aerodynamic force. Equations of 
motion of a single particle (3) is taken from the [6, 7]. 
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where vp, ρp, Tp, d, c are velocity, density, temperature, 
diameter and specific heat of particle, Nu is Nusselt 
number, which depends on Reynolds number Rep, Prandtl 
number Pr and Mach number Mp [27], CD is drag 
coefficient, k is thermal conductivity,  
 

.
||

,
||

Re
a

vu
M

dvu p
p

p
p










 

 
Variable t in equations (3) can be replaced by variable x:  
 

 

.
Nu 6

,
4

3

2

2 












p

pp

p

p

pp

p
D

p

T
R

a

cvd

k

dx

dT

dv

uu
C

dx

d








      (4) 

 
Thus, two systems of equations (3) and (4) are 

combined into one system (5): 
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Combining the two systems we use the 

relationships between F, q and f, g:  
 

., ucgqufF    

 
Here δ is the ratio of particle and gas mass rates. 

Expression for Nusselt number was taken from [27]: 
 

 .M872.01.0expPrRe44.02Nu 3
1

2
1

pp   

 
This expression is only valid for Mp > 0.24 and T 

> Tp . In all other cases, the Nusselt number does not 
depend on Mach number: 
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Expressions for drag coefficient CD were taken 

from Henderson paper [32].  
For isentropic flow (δ = 0) at the nozzle throat (θ 

= 0) gas velocity u is equal to the speed of sound a.  For 
non-isentropic flow point of sonic conditions (u = a) is 
shifted from the throat.  If δ << 1, in the vicinity of sonic 
condition 
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and shift Δx is given by 
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The system of ordinary differential equations (5) 

can be solved numerically. 
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CALCULATIONS 
If particles are injected downstream the throat, 

the initial conditions should be set at point of particle 
injection. The initial particle velocity must be greater than 
zero. The flow upstream the point of injection can be 
determined in isentropic approach. The case of particle 
injection across the nozzle inlet region is more complex. 
In this case, initial conditions should be set at sonic point 
near the nozzle throat. Approximately gas parameters and 
particle velocity and particle temperature can be 
determined in isentropic approach.  

We considered the second case. The nozzle had a 
circular cross-section, the length of the converging part 
was equal to 50 mm and length of diverging part was 
equal to 120 mm. The nozzle had the throat of 2.67 mm in 
diameter. Exit diameter of diverging part was equal to 5.3 
mm. We calculated the flight of copper particles, injected 
across the inlet part of the nozzle. The diameter of 
particles was in the range from 8 μm to 125 μm. The inlet 
pressure po = 2.5·106 Pa, inlet temperature To = 773 K. The 
ratio of particle and gas mass rates 0 < δ < 0.2. The carrier 
gas was air. 

System of equations (5) was solved by fourth-
order Runge-Kutta method. Code was written in Pascal. 
Initial conditions were set at sonic point upstream the 
throat of the nozzle. In the small vicinity of the sonic point 
first two equation of system (5) were replaced by 
equations (6). We performed calculation downstream and 
upstream the point of sonic condition. Figure-1 shows the 
dependence of gas velocity on the distance x from place of 
particle injection for particle loading 20%.  

The dependence of particle velocity on distance x 
is presented in Figure-2. Difference between results of 
isentropic and non-isentropic calculations for small 
particles is greater, than for large particles. 
 

 
 

Figure-1. Gas velocity as a function of a distance from 
particle feeding (δ = 0.2). 1 - isentropic approach, 2 - non-
isentropic approach, particle diameter d = 125 μm, 3 - non-

isentropic approach, particle diameter d = 8 μm. 
 

At the nozzle exit for particles d = 8 μm velocity 
difference is equal to 50 m/s, while for particle d = 125 μm 
this difference reduces down to 15 m/s.  

 
 

Figure-2. Particle velocity as a function of a distance from 
particle feeding (δ = 0.2). Dash line - isentropic approach,  
solid line - non-isentropic approach. 1 - d = 8 μm, 2 - d = 

27 μm, 3 - d = 64 μm, 4 - d = 125 μm. 
 

Figure-3 demonstrates dependence of exit particle 
velocity on the ratio of particle and gas mass rates. One 
can see that this dependence is close to a linear one. 
 

 
 

Figure-3. Exit particle velocity as a function of a ratio of 
mass rates δ. 1 - d = 8 μm, 2 - d = 27 μm, 3 - d = 64 μm. 

 
Similar dependences are found for exit particle 

temperature. Figure-4 illustrates the exit particle 
temperature as function of a ratio of mass rates.  
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Figure-4. Exit particle temperature as a function of a ratio 
of mass rates δ. 1 - d = 64 μm, 2 - d = 27 μm, 3 - d = 8 μm. 
 

At the nozzle exit for particles d = 8 μm particle 
temperature increases with arising of ratio of mass rates 
from 113 K to 143 K, for particle d = 64 μm the 
temperature increases from 372 K to 380 K only.  
 
CONCLUSIONS 

Basing on a one-dimension non-isentropic 
mathematical model of two-phase flow we analyzed the 
gas and particle velocities and particle temperatures.  The 
momentum and energy transfer from the particles to gas 
leads the reducing of gas and particle velocities and arising 
of particle temperature. 
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