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ABSTRACT

This paper introduces the null clines and threshold diagrams of commensalism interaction between two species.
This biological model comprises commensal and host species and the host is being migrated at constant rate. Further both

are consider within the limited available natural resources.
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1. INTRODUCTION

The basic strategy in analyzing the phase plane is
to first identify the points where solution trajectories must
be exactly horizontal or exactly vertical. This will partition
the phase plane into a number of regions and the general
direction of trajectories in each region can be identified.
From here it is often possible to see the behavior of
trajectories, even without explicitly solving for them. The
general concepts of modeling have been presented in the
treatises of Lotka [10] and Volterra [20], Meyer [11],
Cushing [5], Paul Colinvaux [12], Gause [7], Haberman
[8], Pielou [13], Thompson [19], Freedman [6], Kapur [9]
etc. Pattabhi Ramachryulu, Acharyulu [1-4], Seshagiri Rao
and kalyani [14-18] studied the different types of
interactions between two and three species with limited
and unlimited recourses.

This paper presents a two species host-mortal
commensal interaction with limited natural resources and
when both the species are harvested at constant rates. The
growth-rate equations of this model are a pair of first order
non-linear ordinary differential equations. In all, nine
equilibrium states are identified and the criteria for the
stability of these equilibrium points have been established.
Further, some threshold results are stated followed by the
presentation of threshold regions for selected values of the
parameters.

2. BASIC EQUATIONS

The model equations are constitute by a couple of
first order non linear ordinary differential equations by
following the above terminology as follows

(i). Equation for the growth rate of the Mortal

Commensal species (Sl) is

dN,
dt

:all[—elNl—N12+chN2—Hl] )

(ii). Equation for the growth rate of the Host
species (s,) is

dN,

=a22[k2N2—N22—H2] @)

3. EQUILIBRIUM POINTS
The equilibrium points are given by Nll =0,
N2' =0 are the turning points in the variation of the

species N;and N, with respect to time t in the nature.
The lines (straight lines and/or curves) given by le =0

and N, =0 inthe N, — N, plane may be referred as
the threshold lines or Null clines. These lines divide the
first quadrant of the N; —N, plane (since

N, 20, N, <0) into regions called the threshold

regions. The diagram showing the threshold lines and
regions is called the threshold/phase-plane diagram. This
diagram shows the direction of variations of the species
around the stable/unstable equilibrium points. The
diagrams presented in this paper have been drawn
employing the XPPAUT software.

The system under investigation has the following
nine equilibrium states and these are classified into two
categories A and B.
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(A) When the harvesting rates are interdependent
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Note: As H, increases and ultimately (B) When the harvesting rates are not interdependent
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5 (B.1) When k,° = 4H, and [C';_elj —4H, (B

equilibrium points E; and E, coincide with E, .
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(B.2) When k,? =4H, and (Ckz _elj > 4H,(B2)
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%—el - %—el —4H,
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Note: As H; increases and ultimately

ck,
-
E; and Eg coincide with E, .

The following Table-1 shows the threshold
regions (I to V) around the above nine equilibrium points
in the in the first quadrant (i.e., N, 20 ,N, >0) of the

plane and are depending up on the signs of the derivatives
of the above basic equations in that particular regions. The
different regions | to IV can identify as follows:

2
approaches tol( elj , the two equilibrium points
4

dN,

dN, AN,
dt dN,

then N, (t) is an increasing function of N, (t) and the
trajectories move up and right.

Region I: In this region >pan >0

dN,

dt ,

N, (t)is a decreasing function of N,(t) and the
trajectories move down and right.

Region 11: Here d dN, <0= dN,

>0 an < Othen

dN,

Region I11: Here =™t g and dN, dN,
dt

<0=>
dt

N,(t) is an increasing function of N,(t)and the
trajectories move down and left.

> Q0 then

2

Region 1V: Here %<0 and dN72>03 dN,

dt dt dN,
then N, (t)is a decreasing function of N, (t)and the
trajectories move up and left.

As a brief we can see the threshold regions
corresponding to the equilibrium points in the following
Table-1.

<0

Table-1.
Threshold regions around the equilibrium points
Signs of derivatives
J E, | E,andE, | E, | EcandE, | E, | Egand E,
dN, >0 and N, >0 I I I I I I
dt dt
dN dN
d—tl>o and —2 <0 | 1,1V I, v I, 1v 1", 1v I, v I, 1v
dN
%<0 and —2 <0 11 " " " " 1
dt
dN, <0and N, >0 - \Y; - \Y; - -
dt dt

The following Table-2 shows the existing of the
equilibrium points for the selected values of the model

parameters@,;, €,, C, H;, a,, K,, H, in the basic
equations.
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Table-2.
Existing of the equilibrium points at the parameter values
Parameters
E, E, and E, E, E; and Eg E, Egand E,
a, 05 15 0.3 0.3 15 15
€, 0.1 0.1 0.1 0.1 0.1 0.1
c 0.75 0.75 0.7 0.7 0.75 0.75
H 1 2.4447 0.5 0.4225 0.1333 0.7877 05
a,, 0.5 0.5 0.5 0.5 0.5 0.5
K, 5 5 5 5 5
H, 3 3 6 6.25 6.25
Category: A (When the harvesting rates are 10 P e R e
interdependent) I (I e S e e T T S
g g“ i - B — - ) - "
E ¢ e S T T T
A. 1 The threshold diagram for equilibrium point E, B _‘? ® 3”“6‘1’@5’ ~

The threshold lines/ null clines (straight lines
and/or curves) divide the phase plane into four regions |,
I, Il and IV in the first quadrant (i.e.,
N, >0 ,N, >0) are shown in Figure-1. In Figure-2 we
can see the direction of the field lines and the trajectories
in the threshold regions around this equilibrium point E; .

10

N3] iN./dt =0
a u
£ [dN:/dN;: > 0)
E
=,
° @
[Unstable)
| fane/ae=0) |fdNz/dN; <a) E; ifaN; < 0)
I
» (dNs/dN; > 0) M‘mp“’"‘ - B
— E-Jeoa
| fan/at=0) e
obo——- =]
=e) Ny
-1 0 1 b 3 4 )

Figure-1. Threshold regions.
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Figure-2. Threshold diagram for E,.

A.2 The threshold diagram for equilibrium points E,
and E,
In this case the threshold lines divide the phase

plane into five regions |, I, 1lIl, IVand V in the
first quadrant (ie,N, >0 ,N, >0) are shown in
Figure-3.
B Nz | laN:/de =0
7
3 (dNY/GN; < a) (dN:/dN; > )
5 unstable) (Stable)
[ _ amgae-o) | 1B B /e o)
4 u = +off, - 4H,
z £ ran%;w} "’"Jf
E
=,
2 E prote
ym e i
b w0 [dN:/dN: > 0) s ¥k ,|'.\=J 3H,
() N
= Ny
-1 ”O
-1 0 1 2 3 4

Figure-3. Threshold regions.
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The direction of the field lines and trajectories in A. 4 The threshold diagram for equilibrium points E,
the threshold regions fora,;, =1.5,e; =0.1,c=0.75, and E
6
H,=05,a,, =05k, = H, = i i
1=05.8;, =05k, =5, 2 =3are given in In this case the threshold regions|, I, I,

Figure-4. IV and V in the first quadrant and the threshold
diagrams are shown in Figures 7 and 8.
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Figure-4. Threshold diagram for E, and E,
' Figure-7. Threshold regions.

A.3 The threshold diagram for equilibrium point E,
The null clines: straight lines and the curves

divide the phase plane into four regions |, Il 11l and

IVin the first quadrant (i.e, N, >0 ,N, >0), the 3

trajectories and the filed lines around this equilibrium

point E, are shown in Figures 5 and 6.
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(dNz/dt = 0]
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(@) (D) Figure-8. Threshold diagram for E; and E,
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Figure-5. Threshold regions. In this case the threshold lines given by
dN, dN o -
] —==0,22 _¢ divide the phase plane into four
7y N dt
. b yyyyro: regions| , 11, 1l and IV in the first quadrant (i.e.,
) by "w ) - el el . " . .
zh@v‘_,-i,q,.i\ NI P i N, >0 ,N, >0) are shown in Figure-9.
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Figure-6. Threshold diagram for E, .
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Figure-9. Threshold regions.

Figure-10 shows the direction of the field
lines in the threshold regions for a,; =1.5, e, = 0.1,

c=0.75, H,=07877, a,=05 k,=5,

H, =6.25.
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Figure-10. Threshold diagram for E,

B.2 The threshold diagram for equilibrium points E;

and E,
In this case the null clines (straight lines and

. dN, dN, o
curves) given by —= =0, =0 divide the phase
dt dt
plane into four regions |, I, 11l and IV in the first

quadrant (i.e., N; >0 ,N, >0) are shown in Figure-11.
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Figure-11. Threshold regions.

The direction of the field lines in the threshold
regions for a,; =1.5, ¢, = 0.1, ¢=0.75, H, =0.5,

a,, =05, K, =5, H, =6.25.are shown in Figure-12.
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Figure-12. Threshold diagram E, and E,.

4. CONCLUSIONS
The situation for the higher harvesting rates H,

and/or H, of both the commensal and the host species

any one of the commensal and host species extent first so
that the biological system is no longer sustainable.

5. OPEN PROBLEMS
We propose the following problems to investigate
in these basic model equations
a) Situations involving delayed commensalism as they
occur are of interest in nature at times.

b) Immigration of the both commensal and the host at
(a). Constant (b). Variable rates.

c) Constant migration of the commensal and
immigration of host the species in the model
equations.
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Nomenclature
N, (1), N, () :

The populations of the commensal and host at time t.

d, . The mortal rate of the commensal species.
a, . The rate of natural growth of the host species.
a,;(1=12) The rate of decrease of the commensal and host due to the limitations of its natural resources.

&,
e(=d;/a;)
c(=a,/ay)
k,(=a,/a) :

The rate of increase of the commensal due to the support given by the host.
The mortality coefficient of commensal species.
The coefficient of the commensal.

The carrying capacity of the host species.

h,(=a;,H,) The coefficient of harvesting /migration of the commensal species.
h,(=a,H,) The coefficient of harvesting /migration of the host species.
H,, H, The harvesting/migration of the commensal and host per unit time.

The defined above variables N, (t) and N, (t) as well as all the model parameters d,,a,,8,;,8;,, 85, K,,€, ,c, h,
h,, H,, H, are assumed to be non-negative constants.

Ecological Model with Immigration for Ammensal
Species at a Constant Rate. International Journal
of Bio-Science and Bio-Technology (IJBSBT). 1(1):
39-48.

REFERENCES

[1] Acharyulu K.V.L.N. and N.Ch. Pattabhi
Ramacharyulu. 2012. On the Carrying capacity of
Enemy Species, Inhibition coefficient of Ammensal

[5] J.M. Cushing.1977. Integro differential equations and

2]

(3]

[4]

Species and Dominance reversal time in an Ecological
Ammensalism - A Special case study with Numerical
approach. International Journal of Advanced Science
and Technology. 43: 49-58.

Acharyulu  K.\V.L.N. and N.Ch. Pattabhi
Ramacharyulu. 2011. A Numerical Study on an
Ammensal - Enemy Species Pair with Unlimited
Resources and Mortality Rate for Enemy Species.
International Journal of Advanced Science and
Technology (IJAST). 30: 13-24.

Acharyulu K.V.L.N. and Pattabhi Ramacharyulu.
N.Ch. 2011. An Immigrated Ecological Ammensalism
with  Limited Resources. International  Journal
of Advanced Science and Technology (IJAST). 27:
87-92.

Acharyulu. K.V.L.N and Pattabhi Ramacharyulu.
N.Ch. 2011. Mortal Ammensal and an Enemy

[6]

[7]

8]

9]

delay models in population dynamics, Lecture Notes
in Bio-Mathematics, 20, Springer Verlag, Berlin, and
Heidelberg, Germany.

H.l. Freedman.1934. Stability analysis of Predator -
Prey model with mutual interference and density
dependent death Rates, Williams and Wilkins,
Baltimore.

G.F. Gause.1934. The Struggle for
Baltimore, MD, Williams and Wilkins.

Existence.

R. Haberman. 1977. Mathematical Models, Prentice
Hall, New Jersey, USA.

J.N. Kapur. 1988. Mathematical Modeling, Wiley-
Eastern, New Delhi, India.

[10]AJ. Lotka. 1925. Elements of Physical Biology,

Baltimore, Williams and Wilkins.

5982



VOL. 10, NO. 14, AUGUST 2015

ISSN 1819-6608

©2006-2015 Asian Research Publishing Network (ARPN). All rights reserved.

ARPN Journal of Engineering and Applied Sciences ﬁ H‘:B

www.arpnjournals.com

[11]W.J. Meyer. 1985. Concepts of Mathematical
Modeling, McGraw-Hill.

[12] Paul Colinvaux. 1986. Ecology, John Wiley and Sons,
Inc., New York, USA.

[13]E.C. Pielou. 1977. Mathematical Ecology, New York,
John Wiley and Sons.

[14]N. Seshagiri Rao, N. Phanikumar and N.Ch. Pattabhi
Ramacharyulu. 2009. On the stability of a Host - A
declaining Commensal species pair with limited
resources. International Journal of Logic Based
Intelligent Systems. 3(1): 55-68.

[15]N. Seshagiri Rao, K. Kalyani and N.Ch. Pattabhi
Ramacharyulu. 2011. A Host- Mortal commensal
ecosystem with host harvesting at a constant rate.
ARPN Journal of Engineering and Applied Sciences.
6(11): 79-99.

[L6]N. Seshagiri Rao, K. Kalyani and K.V.L.N.
Acharyulu. 2014. Threshold results for host- mortal

commensal ecosystem with limited resources, Global
Journal of Pure and Applied Mathematics. 10(6): 787-
791.

[17]N. Seshagiri Rao, K. Kalyani and K.V.L.N.
Acharyulu. 2014. Host — Monad ecological system
with phase plane analysis. International Journal of
Applied Engineering Research. 9(23): 21605-21610.

[18]N. Seshagiri Rao, K.V.L.N. Acharyulu and K.
Kalyani. 2015. Threshold results of a host Mortal
commensal ecosystem with a constant harvesting of
the commensal species. ARPN Journal of Engineering
and Applied Sciences. 10(2): 802-805.

[19]D.W. Thompson. 1917. On Growth and Form,
Cambridge, Cambridge University Press.

[20]V.Volterra.  1931. Lecons sen Lu theorie
mathematique de la luitte pour la vie, Gauthier-
Villars, Paris.

5983



